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ABSTRACT

The aim of this study was to examine and analyse the existence results of a class of
nonlinear evolution equations that describe various phenomena from different areas such

as Biology, Physics and Chemistry.

First, the global dynamics of a coupled system of partial differential equations with
ordinary differential equations modelling an SVEIR epidemic model with age-dependent
vaccination was examined by constructing a Lyapunov functionals and application of

Lasalle’s invariance principle.

Next, the solvability of a nonlinear non-autonomous integro-differential equation describ-
ing coagulation-fragmentation processes with growth was investigated using a modified
monotone method. Existence and uniqueness of results were obtained thanks to Gron-
wall inequality. In particular, a new concept of upper-lower solution was introduced and

a comparison principle established.

Finally, the global existence of weak solutions of a nonlinear system, consisting of a differ-
ential equation, coupled with a non-autonomous integro-differential equation describing
the dynamic of prion proliferation was established by employing a weak compactness
method. It is assumed that polymers can split into two or more pieces at a certain
rate that not only depends on the sizes of the polymers involved but also on time. The

degradation and splitting rates were also considered to be unbounded.
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Chapter 1

Introduction

The aim of this study was to explore existence results in some Banach spaces, of some
classes of first order differential equations such as a coupled system of partial differ-
ential equations and ordinary differential equations, a scalar integro-differential and a
coupled system of integro-differential equations which remain a subject of discussion and
investigation in the literature. The main concerns were equations arising in epidemiol-
ogy (SVEIR epidemic, prion replication) and in non-autonomous transport-coagulation-
fragmentation theory. To achieve this goal, epidemiological models of age-structured

population and coagulation-fragmentation were introduced.

1.1 Epidemiological models of age-structured popula-

tion

Epidemiological models for the transmission of diseases generally divide the population
into subclasses of diseases such as susceptible, vaccinated, exposed, infective, removed
or immune. In addition, for the purpose of accuracy, several epidemic models add some
structure to the model such as size, spatial location or age. Age is one of the key factors
in the study of infectious diseases population models since individuals from different age
groups may differ from one another with regard to size, survival capacities, behaviour,

reproduction or exposition. Furthermore, according to different age groups, some infec-
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tious diseases may also have different infections and mortality rates [IT]. For example,
chicken pox is spread mainly by interaction between children of the same age group
while most cases of HIV-AIDS occur among adults or teenagers. In this regard, in a
population structured by age, it is crucial to specify the contact rates between members

of the population, which will depend on the age of individuals.

One of the most important considerations in formulating an age-structured population
model is to find a suitable mathematical setting for the model. In this study, the Banach
space L' was chosen, since the physical interpretation of the density function requires
that it should be integrable, and the mathematical treatment of the model requires that
the density functions belong to a complete normed vector space. In addition, the L!

norm of the density is a natural measure of the size of the population.

In other to formulate this approach, we denote by u(t,a) = (ui(t,a), - - - un(t, a))” where
ui(t,a) is the density function with regard to age at time ¢ of the i** subclass of a
population divided into n subclasses, with age a € [0,A), A < oo and time t € Ry
and T denotes the transpose. The density u(t, a) is given by an equation that can be a
discrete-time model (when time is regarded as a discrete variable) or a continuous time
model (when time is regarded as a continuous variable). Such models are called evolution
equations and are constructed by balancing the change of the system in time against its
age (generally spatial) behaviour. Thus, in the continuous case, f u(t, a) da accounts
for the number of individuals according to their ages, between a; and ay at time ¢t. The
total population of the system at time ¢ is given by the formula N (¢ fo (t,a)da.
The average rate of change in the total size of the population in the time interval (¢,¢+h)

is given by:

N<t+h})L_N(t) :%/Ohu(t+h,a)da+%/Ooo[u(t—i-h,a—l—h)—u(t,a)]da. (1.1)

As h — 0, the term on the left-hand side converges to the instantaneous rate of change
of the total size of the population at time ¢, the first term on the right converges to the
instantaneous birth rate at time ¢, and the last term on the right-hand side converges to
the instantaneous rate of change of the total population at time ¢ due to causes other

than births.
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This leads to the following general formulation of age-structured population model (see

[722]):

dN(t o
T~ Pt + [ Gluto))da (12)
0
where F(u(t,-)) accounts for the birth rate at time ¢ and [;° G(u(t,a)) da denotes the

rate of change of total population N(¢) at time ¢ due to causes other than births.

Depending on the considered subclasses, one can easily identify from (1.2)), the form of
F and G for the proposed SVEIR epidemic model (3.1 in Chapter 3.

The asymptotic behaviour of the equilibria (disease-free equilibrium and endemic equi-
librium) of the population’s dynamic is one of the fundamental properties in the study
of epidemics in a population. Lyapunov functions play a very important role in carrying
out the global stability of the equilibria. The basic reproduction number, as a threshold
parameter, plays a fundamental role in mathematical modelling for infectious diseases
and allows one to predict whether an infectious disease spreads in a given susceptible

population when introduced into the host population.

1.2 Coagulation fragmentation processes with growth

Coagulation-fragmentation processes with growth describe the dynamics of enlarging
particles under the combined effect of aggregation and breakage. Multiple fragmenta-
tion, in this case, is observed in the situation where each particle can grow and divide
into many pieces (generally more than two). The particles can be, for instance, stellar
fragment, polymer chains and are represented by a variable z > 0, which may refer to
mass, size and concentration. These phenomena occur in applied sciences such as in
rock fracture, droplet break-up, evolution of phytoplankton aggregate, polymerization

and depolymerization. In 1957, Melzak derived the first (autonomous) coagulation-
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fragmentation equation without growth [47]. The equation was formulated as follows:

unlt.o) = —ult.o) [ Lot dy+ [ Byult iy
1

+3 /Ow Kz =y, y)w(t,z — y)w(t,y)dy (1.3)

~w(t,z) / " @yt y)dy,

where w(t, x) accounted for the distribution of particles of size = at time ¢. The fragmen-
tation rate, 5(x,y), corresponds to the rate at which each particle of size y is obtained
from the splitting of particle of size z. The function k(x,y), represents the rate at which

particles of size x coalesce with particles of size y.

Under some assumptions on model parameters, Melzak established the global existence
of a unique solution to , which is continuous, nonnegative and bounded. Later on, he
also obtained existence results of the non-autonomous model derived from , where 3
and k£ were considered as time-dependent parameters. In recent years, the solvability of
the problem described in has been widely investigated in the literature (see [6} [12]
16, [39, 44, [45], [46], [52] and references herein) using various methods such as semigroup
theory, methods of characteristic, numerical analysis method and, recently, the monotone
method [33], 34]. Unless the autonomous case, where several results are found on the
well-posedness of the coagulation-fragmentation model, there are only few authors who
have investigated the well-posedness of the following general non-autonomous equation

(see |14, [46] and references herein):

Owu(t, x) + 0 (1(t, )u(t, x)) + p(t, x)u(t, x) = —alt, z)u(t, z)

_1_/00 a(t,y)B(zy)u(t, y) dy

+xo
S (1.4)
I XIT() /m k(z —y, y)u(t,z — y)u(t,y) dy

— u(t, ) /OO k(x,y)u(t,y)dy, (t,x) € (0,T) x (zg,00)

o
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subject to the boundary condition

7(t, xo)u(t, xo) = /OO vt y)u(t,y)dy, te€[0,T). (1.5)

o

The problem is considered in the Banach space L! for the same reasons mentioned in
Section The monotone method for non-autonomous evolution equation is one of the
powerful tools for the investigation of well-posedness of —. It consists of the
construction of two sequences, that are nonnegative and monotone, known as lower and
upper solutions. Thereafter, Gronwall’s inequality and the comparison principle were
used to establish the convergence of the above-mentioned sequences to a unique flow of

the model.

1.3 Outline of the study

This study focuses on a certain class of first-order nonlinear evolution equations. The
alm was to investigate the dynamics of such equations. In order to achieved the desired
results, some methods based on stability theory in epidemiology and functional analysis
were applied in the study. Although these methods are somewhat well-known, this study
often required particular results. Hence, a summary of these accessory results is given

in Chapter 2.

In Chapter 3, motivated by [71], [69], the researchers propose a new SVEIR epidemic
model, with age-dependent vaccination, latency and infection originated from an existing
SVEIR formulated in [75]. The proposed model consists of a coupled system of nonlin-
ear ordinary and partial differential equations of the form (3.1))-(3.3), as given in Section
In this model, the waning vaccine-induced immunity depends on vaccination age and
the vaccinated individuals can lose their immunity and, therefore, become susceptible
again. In addition to the assumption based on age-dependence vaccination and vaccine-
age-dependence waning vaccine-induced immunity as in [75], continuous age-structure
in latency and infection and particular form of the incidence rate were considered. The

aim was to construct Lyapunov functionals and apply Lasalle’s invariance principle to
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investigate the global dynamic of the model. More precisely, the intention was to de-
termine the basic reproduction number, $,, which is an important threshold parameter
from which one can obtain the global stability of disease-free equilibrium and endemic

equilibrium.

In Chapter 4, the monotone method was used to investigate a non-autonomous transport-
coagulation-fragmentation equation, with bounded model parameters. In the first part
of this Chapter, we were concerned with the model without growth — while
the last part deals with the transport model —. In both cases, the method
consists in constructing two nonnegative monotone sequences (u*) and (u*) defined as
upper and lower solutions, respectively. By making use of the comparison principle and
Gronwall’s inequality, the convergence of (u*) and (@*) to a unique solution u(t, ) of

the model was established.

In Chapter 5, a Prion model with multiple fragmentations was considered. The model
consists of an ordinary differential equation , coupled with a nonlinear non-autonomous
integro-differential equation ([5.2)) subject to an initial condition and a boundary
condition (5.4). The degradation rate u(t,z) and the fragmentation rate (¢, z) are con-
sidered to be unbounded under the additional assumption u(t, x) + (¢, x) < p(t, z)z°.
A weak compactness method was used, from functional analysis, to show the global
existence of a weak solution of the model, generalising the works done in [62] 68| for

autonomous prion model with binary splitting.



Chapter 2
Preliminary and auxiliary results

The purpose of this chapter is to provide some basic results on compact operators and
non-autonomous evolution equations on Banach spaces, mostly without proof, for the

convenience of later reference in subsequent chapters.

2.1 Functional analysis

2.1.1 Gronwall’s and Bellman’s inequalities

Gronwall’s and Bellman’s inequalities play a crucial role in the study of differential
equations. Gronwall’s inequality was first used to establish boundedness and stability of
differential equations after the study by R. Bellman [19]. Gronwall’s inequality led to a

very important inequality named after Bellman.

It should be noted that these two important inequalities are used later in the study.

Theorem 2.1.1. (Gronwall’s ineguality)
Let f, g and h be given functions from |[xg, M) into R, where zo € R and M < oo. If f
is continuous, g € LS ([xg, M)), h € L}, ([xo, M);R,) and

loc loc

f(2) < g(z) + / " F()h(y) dy
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for each x € [xg, M), then f(z) < g(z) + f;; g(y)h(y) exp (fyﬁv h(v) dv> dy, for each
x € [xg, M).

Proof. See [32]. O

The spaces Ly°, ([xg, M)) and L;

loc

([xo, M);R,) denote the space of locally measurable
functions and essentially bounded g : [z9, M) — R and the space of locally integrable

functions h : [z9, M) — R, respectively.

In the particular case where g(z) = ¢y, for ¢ > 0, Gronwall’s inequality is reduced to
the following Bellman’s inequality:

Theorem 2.1.2. (Bellman’s inequality)

Let f, and h be given functions from [z, M) into R, where zo € R and M < co. If f is

continuous, h € Li,.([xo, M);R.), ¢ € Ry and

loc

f(2) < ot / " F)hly) dy

F(x) < cyexp ( / h(y) dy)

for each © € [xg, M), then

for each x € [xg, M).
Proof. See [19, Lemma 1]. O

Next, some compactness results are given in some function spaces.

2.1.2 Compactness results

Some basic definitions are provided before stating the compactness results. In the fol-
lowing, we denote by X, a real Banach space and by C(I, X), the space of all continuous
functions from I into X, where I is a compact subset of R. We also denote by LP(I, X),

1 < p < 00, the space of measurable functions f : I — X such that

/I |F() 5 dt < 0.
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Definition 2.1.3.

A subset K in a topological space is called:

(i) compact, if every generalised sequence in K has, at least, one generalised subse-

quence, which converges to some element of K;

(11) sequentially compact, if every generalised sequence in K has, at least, one subse-

quence, which converges to some element of K;
(iii) relatively compact, if its closure K is compact;
(iv) relatively sequentially compact, if its closure K is sequentially compact.

Definition 2.1.4.

A subset K in a real Banach space X is called precompact (or totally bounded), if for all
€ > 0, there exists a finite subset K. C X, such that K 1is included in the union of all

closed balls, with radii € and whose centres belong to K.

Theorem 2.1.5.

Let X be a real Banach space.

(i) A subset K in X is relatively compact if and only if it is precompact.

(i1) A subset K in X is strongly relatively compact if and only if it is strongly relatively

sequentially compact.

Proof. See [T, p.13].

(i) By using contrapositive, suppose K is not precompact (i.e. not totally bounded).
Then there exist a positive real number ¢ and an infinite sequence {x,} of points be-
longing to K such that d(x;, ;) > € for i # j. Then, if one cover the compact set K by
a system of open spheres of radii < €, no finite subsystem of this system can cover K.
For, this subsystem cannot cover the infinite subset {z;} € K C K. Thus a relatively
compact subset of X must be precompact.

Suppose, conversely, that K is precompact as a subset of the Banach space X. Then the
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closure K is complete and is totally bounded with K. one has to show that K is com-
pact. To this purpose, one shall first show that any infinite sequence {y,} of K contains
a subsequence {y,y } which converges to a point of K. Because of the total boundedness
of K, there exist, for any € > 0, a point z. € K and a subsequence {y,/} of {y,} such
that d(y,,yn) < g for n = 1,2, ...; consequently, d(y,/, Ym/) < d(Yns, ze) + d(ze, Ymy) < €
for n,m = 1,2, ... one set ¢ = 1 and obtain the sequence {y;}, and then apply the same
reasoning as above with ¢ = 271 to this sequence {y;}. one thus obtains a subsequence

{yn»} of {yn} such that

(n,m=1,2,..). (2.1)

DO | —

d(yn’> ym/) < 17 d<yn”7 ym”) <

By repeating the process, one obtains a subsequence {y,x+1)} of the sequence {y,w }

such that

1
d(yn(k+1),ym(k+1)) < ?, (n, m=1,2, ) (2.2)

Then the subsequence {y(,y} of the original sequence {y,}, defined by the diagonal
method:

Yny = Yn), (2.3)

surely satisfies lim  d(y,, yms) = 0. Hence, by the completeness of K, there must exist
n,Mm—00

a point y € K such that ILm d(Ymy,y) = 0.

Next, one shows that then sg: K is compact. One remark that there exists a countable
family {F'} of open sets I’ of X such that, if U is any open set of X and x € UNK, there
is a set F' € {F} for which x € FF C U. This may be proved as follows. K being totally
bounded, it can be covered, for any ¢ > 0, by a finite system of open spheres of radii
¢ and centres belonging to K. Letting ¢ = 1,1/2,1/3, ... and collecting the countable
family of the corresponding finite systems of open spheres, one obtain the desired family
{F} of open sets.

Let now {U} be any open covering of K. Let {F*} be the subfamily of the family {F}
defined as follows: F C {F*} if and only if F' C {F'} and there is some U € {U}
with F© C U. By the property of {F} and the fact that {U} covers K, one sees that
this countable family {F*} of open sets covers K. Now let {U*} be a subfamily of
{U} obtained by selecting just one U € {U} such that F C U, for each F' € {F*}.

Then {U*} is a countable family of open sets which covers K. One has to show that
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some finite subfamily of {U*} covers K. Let the sets in {U*} be indexed as Uy, Us, ...

Suppose that, for each n, the finite union U U; fails to cover K. Then there is some
j=1

n
point z,, € (K — U Uk>. By what was proved above, the sequence {x,} contains a
k=1
subsequence {x(,y} which converges to a point, say Zo, in K. Then zo € Uy for some
index N, and so z, € Uy for infinitely many values of n, in particular for an n > N.

This contradicts the fact that z,, was chosen so that =, € | K — U Uk>. Hence one
_ k=1
has proved that K is compact.

(ii) The proof of (ii) follows the same lines as those in (i). O
The compactness criterion of sets in the Banach space X = LT (R,), are obtained from
the Fréchet-Kolmogorov theorem for the compactness of sets in L7 (R) (see |77, X.1]).
Theorem 2.1.6.

Let K be a subset of X = L¥(R,), 1 < p < oo. Then, K has a compact closure if and

only if:
() sup [ lo(s)P s < oc;
geK Jo
(i) lim lg(s)|P ds — 0 uniformly for g € K;
r—00

T

(iii) }IL{%/ lg(s + h) — g(s)|P ds — 0 uniformly for g € K;
0

(1v) }IL{% /Oh lg(s)|P ds — 0 uniformly for g € K.
Proof. The proof is the same as in |77, Theorem (Fréchet-Kolmogorov)| by identifying
LP(R,) with the space of functions in L”(R), which are 0 on the negative half-line. [J
Definition 2.1.7.
A subset {un(T)}n>1,rer in X is called:

(i) equibounded on I, if

sup Jun,(7)]| < o0;
n>1,7€l
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(1) equicontinuous on I, if

lim  sup Un(T) — un(7)|| = 0.
fim s () = a2

Theorem 2.1.8. (Arzela-Ascoli)

A subset {u,(7)}n>17er in X is relatively compact in X if the following two conditions

are satisfied:

(i) un(7) is equibounded for each n > 1;

(i1) u,(T) is equicontinuous for each n > 1.

Proof. See [T, Theorem (Ascoli-Arzela)].

From the Bolzano-Weierstrass theorem, a bounded sequence of real (or complex) numbers
contains a convergent subsequence. Hence, for fixed 7 € I, the sequence {u,(T)},>1
contains a convergent subsequence. On the other hand, since the space X is compact,
there exists a countable dense subset {7,,} C X such that, for every € > 0, there exists
a finite subset {7, : 1 < n < k(e)} of {r,,} satisfying the condition

sup inf d(7,71;) <e.
TjexlsJ‘Sk(e)( i)

The proof of this fact is obtained as follows. Since X is compact, it is totally bounded
(i.e. precompact). Thus there exists, for any § > 0, a finite system of points belonging to
X such that any point of X has a distance < § from some point of the system. Letting
§d =1,271.371 ... and collecting the corresponding finite systems of points, one obtains
a sequence {7,} with the stated properties. One then applies the diagonal process of
choice to the sequence {u,(7)} so that one obtains a subsequence {u, } of {u,} which
converges for 7 = 7y, T, ..., T, ... simultaneously. By the equicontinuity of {w,(7)}, there
exists, for every € > 0, a 0 = d(e) > 0 such that d(7/,7") < ¢ implies |u, (7") —u,(7")] < €

for n = 1,2, ... Hence, for every 7 € X, there exits a j with j < k(e) such that
U (T) = U (T)] < |t (T) — UN’(TJ’>| + |Un’(7—j) - um’(Tj)| + |Um’(Tj) — U (7)]
< 26 + [ (75) — e (7))

Thus lim max |u,(7) — up (7)] < 26, and so  lim  ||u,y — wyy|| = 0. O
n,m—+oo T m——+00
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In the following, a variant of Arzela-Ascoli’s theorem is given.

Theorem 2.1.9. (Arzela-Ascoli)

A subset K in C(I, X) is relatively sequentially compact if and only if K is equicontinuous
on I and there is a dense subset D in I such that for each T € D, the set

K(1):={u(r);u € K}
1s relatively compact in X.

Proof. See [67, Theorem 1.3.2]. O

Next, the following definition on uniformly integrability is given.

Definition 2.1.10. A subset K in LP(I,X), with 1 < p < 00, is said to be uniformly
integrable if K is bounded in LP(I,X).

Theorem 2.1.11. (Dunford-Pettis)

A subset (up)n>1 in LY(I, X) is weakly relatively compact if and only if it is uniformly

integrable.
Proof. See |24, p. 101]. O

In the next section, some important results on non-autonomous evolution equations are

given.

2.2 Non-autonomous evolution equations

In this section, we review a natural generalisation of the following linear autonomous

abstract Cauchy problem (ACP)

dul(t

ult) _ Au(t), t>0,

dt (2.4)
lim wu(t) = wy,
t—0+

where the fixed operator A is replaced by the time-dependent operator A(t), for t € R..
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2.2.1 Linear evolution equations

The following definition is stated.

Definition 2.2.1. (Non-autonomous Abstract Cauchy Problem)

Let X be a Banach space and (A(t))i>0 a family of bounded linear operators with domain

D(A(t)) contained in X and also given an element x € X. Then, the abstract problem

du(t) _
o = Ault), for s teR, t2s, (2.5)

u(s) = x,

is called a non-autonomous Abstract Cauchy problem (nACP).

The classical solution of the nACP ([2.5) can be defined as follows.

Definition 2.2.2.

Let (A(t), D(A(t)), fort € R, be linear operators on the Banach space X. A function u
is said to be a classical solution to the nACP (2.5)) if:

1. for s € R and © € D(A(s)), u = u(-, s,z) is continuously differentiable on [s, 00)
such that u(t) € D(A(t)); and

2. u satisfies (2.5) fort > s.

It should be recalled that the solutions of the linear autonomous ACP ([2.4)) are given by
a strongly continuous semigroup (S(t)):>o on X which satisfies the strongly continuity

condition

lim S(t)xr =2 for any x € X, (2.6)

t—0+

and the semigroup properties

S(t+s)=S(t)S(s) forall t,s >0,

5(0) =1. 27)

In the non-autonomous case, an evolution system (U(t, s));>ser is considered.
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Remark 2.1. The strongly continuous semigroup (S(t))i>o0 on X is called a semigroup

of contraction on X if

I1S@H)|x <1, t=>0.

Definition 2.2.3. (Evolution system)

A system (U(t, s))i>ser of bounded linear operators on a Banach space X is said to be

an evolution system (or evolution family or propagator) if:

(1) for each v € X, the function (t,s) — U(t,s)u is continuous for t > s € R;
(i) U(t,s) =U(t,r)U(r,s), U(t,t) =1, fort >r > s €R; and

(iii) ||U(t,s)|| < CePt=9) t > s for some constants C, 3 > 0.
The evolution family is strongly continuous if:

() (t,s) — Ul(t,s) is strongly continuous fort > r > s € R, and is uniformly contin-

uous whenever.

It should be noted that a strongly continuous evolution family (U(t,s)),s,cg can be

defined from a strongly continuous semigroup (S(t));>o as follows:
Ul(t,s) = S(t—s).

Proposition 2.2.4. Let X be a Banach space and Y; a subspace of X. The nACP ([2.5))
is well-posed on Yy if and only if there is an evolution family solving (2.5)) on Y;.

Proof. See [50, Section 3.2]. O

Remark 2.2. By well-posedness of (2.5]), we mean existence, uniqueness and continuous

dependence on the initial data.

To every evolution family, one can associate strongly continuous semigroups on X-valued
function spaces called evolution semigroups. Evolution semigroups completely charac-

terise the behaviour of the evolution family and are given by:
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Definition 2.2.5. (Evolution semigroup)

For every strongly continuous evolution family (U(t, s))i>s>0, one defines the correspond-

ing evolution semigroup (% (1)), on the space L'(R, X) by

[ (£)9](0) == U(0,6 — t)(0 — 1) (2:8)
forv e LNR,X), 0 € R and t > 0. Its generator is denoted by (o, D()).

Proposition 2.2.6. The evolution semigroup (% (t)),s, defined on the space L'(R, X)
by (2.8)) is a strongly continuous semigroup on L*(R, X).

Proof. See [28, Lemma 9.10].

It is easy to see that (% (t));>0 is a semigroup of bounded operators on L'(R, X) with
% (t)|| < Me*t. For f € C.(R,X), the space of continuous functions with compact
support in R, it is easy to see that % (t)f — f in L'(R, X) as t — 0. Since C.(R, X) is
dense in L'(R, X), it implies strong continuity of (% (t)):>o- O



Chapter 3

(Global dynamics of an SVEIR model
with age-dependent vaccination,

infection and latency

3.1 Introduction

Protection induced by vaccines plays a significant role in preventing and reducing the
transmission of infectious diseases. One of the greatest successes of vaccination is illus-
trated through the eradication of small-pox. It is reported in [75] that the case of small-
pox was last recorded in 1977. Immunity conveyed by vaccination depends on different
vaccines and vaccination policies — lifelong immunity occurs for certain vaccines while
immunisation period is induced by some vaccines. However, waning vaccine-induced im-
munity takes place (naturally) after the immunisation process. It is reported in [53] that
a significant decay in the proportion of chicken pox took place in the United States of
America in 1995 after conducting a universal vaccination campaign. Surprisingly, new
cases of chicken pox appeared mainly in highly vaccinated school communities in US.
Some studies have been conducted and revealed waning vaccine-induced immunity in
children under protection induced by vaccines. Moreover, this was also investigated in

[22, 54}, [55] and it was proved that such waning of immunity is attached to the time since

17
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vaccination and the age at vaccination. In this regard, it was published in [56, [73] that
the time of vaccine-induced immunity depends on individual features and the age of the

vaccine.

From the above-mentioned statements and citations, it is necessary to associate waning
vaccine-induced immunity to vaccination in infectious disease models and interesting to
investigate the impact of waning vaccine-induced immunity on the dynamics of infectious
diseases. Many mathematical models on vaccination have already been investigated (see
[20,, 25, 41, 53], 60], 65}, [70], [7T], [74], [76]). Some of the models cited above considered either

age-dependent vaccination, while some did not.

Despite vaccination age structure being the main and appropriate feature required in
the dynamics of infectious diseases, with waning induced-vaccine immunity, most epi-
demiological models with vaccination, including waning induced-vaccine immunity, were
studied after assuming a constant rate of immunity loss (see [41], [74, 25]). Age-dependent
vaccination was considered in some epidemiological models studied recently in [26], 38 140,
53, 69, [75]. However, some of these works considered either waning vaccine-induced im-
munity or not, either vaccine-age-dependent waning vaccine-induced immunity or not,
either age-dependent latency or not, either age-dependent relapse or not, either age-
dependent infection or not. In [26], an SVIR epidemic model with continuous age-
dependent vaccination was formulated to establish the global stability of equilibria. In
[38], an SVIJS epidemic model with age-dependent vaccination was considered to study
the asymptotical behaviour of the equilibria, after assuming that age-dependent vaccine-
induced immunity decays with time after vaccination. In [40], an SVIS epidemic model
with age-dependent vaccination, vaccine-age-dependent waning vaccine-induced immu-
nity and treatment was formulated to investigate backward bifurcations. In [53], an
SVIR epidemic model with age of vaccination was considered to establish global stabil-
ity of equilibria, after assuming that vaccine-induced immunity decays with time after
vaccination. In [69], an SVEIR epidemic model with age-dependence vaccination, la-
tency and relapse was formulated to established the global stability of the equilibria. In
[75], a multi-group SVEIR epidemic model with latent class and age of vaccination was
formulated to study global stability of equilibria, after assuming that vaccine-induced

immunity decays with time after vaccination. Likewise, in |26} 38|, 40)].
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Recently, in [71], an SVEIR epidemic model with continuous age-structure in the latent
and infectious classes and without continuous age-structure in the vaccinated class was
formulated to prove the global stability of equilibria; while in [69], an SVEIR epidemic
model with continuous age-structure in the latent, infectious and recovered classes, and
with vaccine-age-dependent waning vaccine-induced immunity was formulated. More-
over, in [71], the latency and infection ages are denoted by the same variable a. Similarly,
in [69], the latency, relapse and vaccination ages are denoted by the same variable a. In
spite of this, to the best of our knowledge, the global dynamics of an SVEIR epidemic
model with continuous age-structure in latency, infection, vaccination and vaccine-age-
dependence waning vaccine-induced immunity has not yet been neither considered nor in-
vestigated using the approach of Lyapunov fonctionals. The aim of this study is to fill this
gap by investigating the global dynamics of an SVEIR epidemic model as defined above.
Motivated by [69, [71], a new SVEIR epidemic model originated from an existing SVEIR
formulated in [75] is proposed, by considering continuous age-structure in latency and
infection in addition to age-dependence vaccination and vaccine-age-dependence waning
vaccine-induced immunity [48] (which the authors took into account in [75]). However,
the latency, infection and ages of vaccination are all denoted by a, as in [69, [71]. More-
over, in this chapter, a more significant incidence rate (taking into account tranmission
by both age rate-mates infective individuals and infective individuals of any age) of the

form
[o@)

S(t)/ Ko(a)i(a,t)+/K(a,a/)i(a,,t) da | da

0
is also considered, where Ky(a) and K (a,a’) are defined below, instead of the classical

incidence rate of the form

S(t) /5(@)2’(&, t) da,

where [(a) denotes the coefficient of transmission of diseases from infective individu-
als, with age of infection a, to susceptible individuals. The latter is considered in the

references herein where continuous age-structure in infection is taken into account.

The model splits the total population into five epidemiological groups as follows: the

susceptible group; the vaccinated group; the latent group; the infected group; and the
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removed group. Let R(t) and S(t) be the number of individuals in the removed and
susceptible groups at time ¢, respectively. Let v(a,t), e(a,t) and i(a,t) be the density
of vaccinated, (latently) infected and (actively) infected individuals with vaccination,
latency and infection age a at time ¢, respectively. It follows that V(t), E(t) and I(t)
defined by

o0 (e 9] (e 9]

V(t) = / vla,t)da, B(t) = / e(a,t)da, I(t)= / i(a, 1) da,

0 0 0
are the number of individuals in the vaccinated, latent and infected compartments, re-
spectively.
The model investigated consists of a coupled system of nonlinear ordinary and partial

differential equations of the form

G50 == w450+ [ alaelat)da
—S’(t)/ Ko(a)i(a,t)+/K(a,a,)i(a,,t) da | da
0
57V t) = —5-v(a,t) —n(a)o(a,t) (3.1)
%e(a,t) = —%e(a,t) o(a)e(a, t)
0 . 0 . .
Ez(a, t) = —%z(a, t) —o(a)i(a,t)

where n(a) = afa) + p(a), o(a) = e(a) + p(a), o(a) = y(a) + p(a), with boundary

conditions

(3.2)
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and initial conditions

S(0) = So >0, v(a,0) =vo(a) > 0, e(a,0) = eg(a) > 0, (33
i(a,0) =1ip(a) > 0, R(0) = Ry > 0,
where Sy and R, are initial size of susceptible and removed individuals, respectively,
and vg(a), ep(a) and ig(a) are initial age-density of vaccinated, latent and infective in-
dividuals, respectively. Moreover, vy, eg and ig are Lebesgue integrable functions, and

it is assumed that the recruitment of newly vaccinated individuals in the vaccinated

compartment is done at age zero.

The meaning of parameters in (3.1)-(3.2)) is given below:

A - constant recruitment rate of susceptible individuals;
v - rate of vaccination of susceptible individuals;
u° - natural mortality rate of individuals;
ala) - age-specific rate of waning vaccine-induced immunity;
p(a) — age-specific natural mortality rate;
v(a) - age-specific removal rate;
e(a) - age-specific rate moving from latent to infective;
Koy(a) - age-specific infection rate of susceptible individuals by infective
individuals (of the same age — intracohort contagion); and
K(a,d') - probability that an infective individual of age a" will successfully

infect a susceptible individual of age a, after contact.

In the sequel, the following assumptions are made on parameters in (3.1))-(i3.2))

A0 (i) A,v, 1 >0, with v < .
(ii) o, n,0,0,7,¢, Ko € LY(0,00) and K € L' ((0,00),L5(0,00)) with essential
(iii) Ko(a), K(-,a'),a(a),v(a),e(a) are Lipschitz continuous on R, with coeffi-

cients Mg,, Mk, My, M., M., respectively.

(iv) There exists ji € (0, u°] such that n(a) — a(a), o(a) — e(a),o(a) — v(a) > .



CHAPTER 3. AGE-DEPENDENT SVEIR MODEL 22

Al: v < b

A2: R(-)is a decreasing function of ¢ for any constant removal rate v° such that 4% > 7;

¥ — i s)ds
A3: n(a)A < (n(a) —ala)) | 1— /a(a)e Ofn() da |, for every a.

0

This chapter consists of five additional sections, including the introduction, structured
as follows: In Section [3.2] some preliminary results on compactness property of the
semi-flow generated by — are presented and its asymptotic smoothness property
discussed. This section also deals with the existence of equilibria and the formulation of
the threshold parameter Ry (the basic reproduction number). The uniform persistence
property of — is addressed in Section . Local and global stability of the
steady states for (3.1)) are examined in Section

3.2 Preliminaries and existence of equilibria

3.2.1 Basic results
We consider the Banach space

X =R x L'(0,00) x L'(0,00) x L*(0,00) x R
endowed with the norm

1z, 0,4, 6, 9)llx = 2 + [lells + (19l + ¢l + [yl,

where || - |1 = || - [|u1, for any (z, ¢, 1, ¢,y) € X. Let us denote by X, the positive cone
of the Banach space X such that

X; =Ry x L1 (0,00) x L} (0,00) x L} (0, 00) x R.

For any initial value Xy = (So, vo(+), €o(-), %0(+), Ro) € X, satisfying the following condi-

tions

?Jo(O) = VSO
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[e.e] o

i

eo(0) = SO/ Ko(a)ig(a) + [ K(a,a)ig(a')dd | da

0 0
oo

ip(0) = /s(a)eo(a) da

0
the system (3.1]) is well-posed, under assumption A1, due to [37]. Thus, a continuous

semi-flow ¢ : R, x X, — X, is obtained and defined by the (3.1]) such that
(I)(t,Xo) = (I)t(XO) = (S(t)7v<7t)76(7t)72(7t>7R<t))7 teR,, XpeX,. (34)

Now, we introduce the functions

_f (r)dr — [o(r)dr — aO‘(T)dT
x(a) =e " . Y a)=e e : C(a)ze{ , fora > 0.

By integrating the second, third and fourth equations of (3.1)) along the characteristic

t — a = constant, one obtains

v(0,t —a)x(a), 0<a<t, e(0,t —a)d(a), 0<a<t,

vola — )%, 0<t<aq, eola—t)-29 0<t<a

i(0,t —a)(a), 0<a<t,

i(a,t) =

iola—t)~L 0<t<a

\ 70 {(a—t) =™
(3.5)

where
v(0,t —a) =vS(t —a)
e(0,t —a)=S(t— a)/ Ko(a)i(a,t —a) + | K(a,a)i(a ,t —a)da | da (36)
3.6
0 0

o0

i(0,t —a) = /e(a)e(a,t — a) da.

Taking the norm of ®,(X,) and using the positiveness of the components of ®;(Xy), one

obtains

19:(Xo)llx = S() + [lo€ D)l + lle, )l + liC Dllx + R(E). (3.7)
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24
Differentiating (3.7)) with respect to ¢ leads to
d dS( ) d d, . dR(t)
- —le(- —|4(- — 7 3.8
1Kol = S 4 S )+ TlleC 0+ Sl o+ Tal . (38)

Next, we seek for the estimates of each time-derivative on the right hand side (3.8)
First, we have

d d(f I _x(a)
a||v(-7t)||1 =% (/U(O,ta da+/ a—t) da)

t

(3.9)
d vo(s) d
dt v(0, s)x (t—s)ds+/ B dtx(t—l—g)dg-
0
Applying the Leibniz Integral Rule to the first integral in . yields
d / d I uolc) d
_ . Up(s) d
dt|\v(~,t)|]1 = x(0)v(0,t) +/ (0, s)dtx(t s)ds +/ ) dtx(t+§) ds
0 0
t
=v(0,t) — /v((), s)n(t —s)x(t —s)ds (3.10)
0
i x(t+5)
— [ vo(s)n(t +¢)——F==ds
[ttt + 9 X5
0
=vS(t) — /n(a)v(a,t) da.
0
Likewise, we also have
le(, )]l = e(0 t)—/Q(a)e(a,t) da (3.11)
0

and

i(a,t)da. (3.12)
0
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Therefore, one obtains

d

3 OO + GOl + lleC Ol + il )l + R(E)

[eo]

— A~ J0(S(t) + R(t)) — / (n(a) — a(a))v(a, 1) da

3.13
J (313)
- [te@) - s@)eia.t)da~ [ (ota) - 2(a)ita.t)da
0 0
Using (iv) of A1, (3.13]) yields
d :
3 @O oGOl + lleC Oll + [12C, )l + B(E)
t (3.14)
S A= (SE) + ol )l + leC Dl + il D)l + R(?))
that is,
d .
g 12e(Xo) e < A — Al 24 (Xo) |-
Thus, we obtain
A (A
(Xl < = = e (% = Xl )
fi fi
where [|®4(Xo)|[x = [|Xol|x
If we consider the state space I' of (3.1]), defined by
A
r={ b 00) € X gt ol < 5} (3.15)
one obtains
2 (Xo) e < 3
t 011X > ﬂa
for any t > 0, whenever Xy € I'. Moreover
: A
lim sup||®;(Xo)[|x < =,
t—o0 ,u

for any Xy € X,.

Then, the following results are stated:

Lemma 3.2.1. The set I' is positively invariant for ®; that is,
o(Xo) T, Vt>0, X,el.

Moreover, ®,(Xy) is point dissipative and the set ' is an attractor in X, .
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Since the aim is to use the Lasalle’s Invariance Principle, we are required to establish the
relative compactness of the orbit {®;(Xg) : ¢ > 0} in X, due to the infinite dimensional
Banach space X. For this, we consider the mappings © and ¥, (0, ¥ : R, x X, — X} ),

such that ) . .
G(tJX‘O) - Gt(XO) - (07ev('aa’)706('7a)78i('7a)70) (3 ]_6)
W(t,Xo) = Vi(Xo) = (S(t), (-, a), é(+,a),i(+, a), R()),
where
'O, 0<a<t, v(a,t), 0<a<t,
0,(a,t) = ;o Oa,t) =
kU(a,t), 0<t<a, 0 0<t<a,
(0, 0<a<t, e(a,t), 0<a<t,
fe(a,t) = . élat) = (3.17)
| e(a,t) 0<t<a, 0 0<t<a,
(0, 0<a<t, i(a,t), 0<a<t,
0:(a,t) = ;e t) =
\i(a,t) 0<t<a, 0 0<t<a.

Thus, ®;(Xy) = 04(Xy) + ¥;(Xy), for any ¢ > 0; and from the proof of |72, Proposition
3.13] and Lemma [3.2.1] we obtain to the following result.

Theorem 3.2.2. For X, € I, the orbit {®4(Xy) : t > 0} has a compact closure in X, if

the following conditions are satisfied:

(i) There exists a map A : Ry x Ry — Ry such that for any r > 0, tlim A(t,r) =0,
—00
and if Xo € T with || Xo||lx < 7, then ||0:(Xo)|lx < A(t,r) for any t > 0.

(i1) For any t > 0, W(-) maps any bounded sets of I' into a set with compact closure

m X+.

For verifying (i) and (ii) of Theorem the following two lemmas are needed:

Lemma 3.2.3. For r > 0, let A(t,r) = e #r. Then, tlim A(t,r) = 0. Then, (i) of
—00
Theorem [3.2.2 holds.
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Proof. Clearly, it is observed that lim A(¢,r) = 0. Making use of some equations in

t—o0
(13.5)), we obtain

0, 0<a<t, 0, 0<a<t,
év(a,t) = , 5€(a,t) =
| vola— )2 0<t<a cola —t)znds 0<t<a,
(0, 0<a<t,
é,(a,t) =
ioa—1)-9. 0<t<a
. 0 ((a—t)
(3.18)
Taking the initial condition X, € I' such that || Xo||x <7 and ¢ > 0, we obtain
18:(Xo)llx = [0] + 16 (-, ) [l + 16 (-, t)l1 + 1165, )12 + [0}
i v(a) i 9(a)
= —t d —t d
/UO(CL )X(a—t)‘ a+/€0(a )ﬁ(a—t) a
t t
Il ((a) ‘
+ tola —t da
/ Py
t
T x(s+1) 7 V(s +t)
= d d
/ vo(s) &) ‘ s+ [ leo(s) I5) s
0 0
Il C(s+t)‘
—I—/ i0(s ds 3.19
0
; Ty a r T orya
:/ vo(s)e * ! ds—l—/ ep(s)e = ‘ ds
0 0
r ot
—i—/ io(s)e * ds
0

< e ™ (|lvolly + lleollr + llioll1)
< e M| Xollx

<e = At,r).
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Lemma 3.2.4. Fort > 0, U,(-) maps any bounded sets of T into a set with a compact

closure i X,

Proof. Since R(t) and S(t) remain in the compact set [0, A/f] by Lemma [3.2.1] it is suf-
ficient to show that ©(a,t), é(a,t) and i(a, t) remain in a precompact subset of L. (0, 00),
which does not depend on the initial data X, € I'. To achieve this, the following condi-
tions (see [63, Theorem B.2]) must be satisfied for ©(a,t), é(a,t) and i(a,t).

(i) The supremum of ||Z(-,)|[; with respect to Xy € I' is finite;

(ii) hlim Z(a,t) da = 0 uniformly with respect to Xy € I';
—00
h

(iii) hm / |Z2(a + h,t) — Z(a,t)| da = 0 uniformly with respect to X, € I';

h

(iv) hhm+ Z(a, t) da = 0 uniformly with respect to Xq € T;
—0
0

where Z € {9,¢,i}. It follows from (3.5) and (3:17) that
eo(t —a)d(a), 0<a<t,
é(a,t) = , (3.20)
0, 0<t<a,

and hence, using Lemma [3.2.1], we obtain

A
0 <9(a,t) <v—e ™, (3.21)
i
and hence, (i), (ii) and (iv) follow. To establish (iii), we take a sufficiently small h such

that h € (0,¢) and show that

(a+ h,t) — d(a, 1)] da = / 10— vS(t — a)y(a)] da

4 / S(t — a — h)x(a+ h) — S(a, £)x(a)| da
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guéh%—y/S(t—a—h)()da)—X(a—l—h)) da

Q
+1//x(a)|5(t—a—h)—5(a,t)| da (3.22)
N A t—h t—h
< Vﬁh+yﬁ (O/X(a)da 0/x(a+h)da)
t—h

+1//X(a)|5’(t—a—h)—3(a,t)| da

0

< u%h+u% (/tx(a) da—l—/hx(a) da)

0 t
t—h

—i—z//x(a)]S(t—a—h)—S(a,t)\ da

S I/(2A+ls) g
M

Indeed, x(a) is a non-decreasing function of a such that 0 < x(a) < 1 and satisfying

[ s = x@lda= [ (@) = x(a+ b)) da

_ O/hx@ o [ e
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On the other hand, the Lipschitz continuity of S(-) is obtained from the first equation

of (3.1), using the boundedness of the solution of (3.1)) (see Lemma [3.2.1)); that is, there
exists [g > 0 such that |S(t;) — S(t2)| < lg|t1 — to| for any ¢;,t5 > 0.

Since v(2A + ls)h/fi does not depend on the initial data Xy € I' and v(2A +1s)h/fi — 0
as h — 0T, it follows from ({3.22)) that (iii) is satisfied. O

Therefore, from Lemma/(3.2.1}and Theorem [3.2.2] the existence result of global attractors
(see [35]) follows.

Theorem 3.2.5. The semi-flow {®:(Xy) : t > 0} has a global attractor in X, which

attracts any bounded subset of X, .

3.2.2 Equilibria and the basic reproduction number

The system (3.1) has a unique disease-free equilibrium E° = (S° 1%(a), %(a),®, R°),

where
SO = A
o0 — s)ds
po + v (1 - Ofa(a)e {7 da) (3.23)
—f (s)ds
v’(a) = vS% { e%(a) =1i"(a) =0, R* = 0.

Apart from E° the system (3.1) could also have an endemic equilibrium. We sup-
pose that there exists an endemic equilibrium for the system (3.1)) denoted by E* =

(S*,v*, e*,i*, R*). Therefore, the following equations:

0=A—(v+u°)S*+ /a(a)v*(a} da

- S*/ Ko(a)i*(a) +/K(a,a')z’*(a/) da | da
0= —%v*(a) —n(a)v*(a) (3.24)
0= —Le'(@) ~ o(a)e*(a)
0= —ii*(a) —o(a)i*(a)
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/7 a)da — '’ R*.
0

are satisfied. In addition, E* also satisfies the equations (3.2)) i.e.,

v*(0) = vS*

o0

e’ (0) = S*/ Ko(a)i*(a) + 7K(a,a/)z’*(al)da/ da

The second equation of (3.24]) and the first equation of (3.25)) give

~ [nts) as
v*(a) =vS*e © !

It follows from the third equation of (3.24]) that

~ (s)ds
e*(a) = e*(0)e e

Equations (3.2)) and (3.27)), together with the fourth equation of (3.24)), yield

u oo a

U(s J )ds
i*(a) = e*(0) /s e K da

0

We introduce parameter Ry, L, J and P such that

0 0

ala)e © da.

o/

7 - ao(s)ds
J:/’y(a)e ! da

0

0/

31

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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By substituting (3.28]) into the second equation of (3.25)), we have

L S0
S* = R (3.30)

and hence, .
v (a) = UT(;“). (3.31)

Then, substituting (3.26)), (3.28]) and (3.30)) into the first equation of (3.24) yields
1
0)=A(1—-—|. 3.32
c0=A(1- 5 ) 3:3)

Therefore, it easily follows that
: 1

A threshold condition is derived from the existence condition for the endemic equilibrium
E* such that $g > 1. Thus, the parameter Ry, given by the first equation of (3.29), can
be called the basic reproduction number of the system (3.1). Moreover, R, can also be

expressed as

8%0 = §Rintra + 9:Eintera (334)
where 5
AL
Rintra = m/KO(G)C(a) da,
P (3.35)
AL / / /
Rinter = m/ /K(a, a)(a)da | da.
0 \o

Rintra and Rieer can be understood, respectively, as the basic reproduction numbers for
the corresponding model with purely intracohort infection mechanism (i.e. a situation
in which individuals can only be infected by their age-mates) and for the corresponding
model with purely intercohort infection mechanism (i.e. a situation in which individuals

can be infected by those of any age).

Therefore, it is stated that
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Theorem 3.2.6. If Ry < 1, then the system (3.1)) has only a disease-free equilibrium E°;
while if ®o > 1, then the system (3.1) also has an endemic equilibrium E* in addition to

the disease-free equilibrium E°.

3.3 Uniform persistence

This section is devoted to the uniform persistence of the system ({3.1)) under the condition

Ry > 1. For this, we introduce a function p : X, — R defined by

o0

plx, ¢, w,v,y) :x/ Ko(a)v(a)—{—/K(a,a/)v(a')da/ da,

0

where (x,¢,w,v,y) € X,. Furthermore, we consider the set X, defined by
Xo ={Xp € Xy : p(P4, (X)) > 0 forsomety € Ry}
such that ®; (Xo) — EY as t — oo whenever X, € X, \X,.

Definition 3.3.1. [63, p. 61]. The system (3.1)) is uniformly weakly p-persistent (respec-
tiwely, uniformly strongly p-persistent) if there exists a positive €*, independent of initial

conditions, such that

limsup p (®,(Xp)) > € (respectively, li{n inf p (®(Xp)) > €)
—00

t—o00

for X € X,

Theorem 3.3.2. If Ry > 1, then the system (3.1)) is uniformly weakly p-persistent.

Proof. 1t is assumed that for any €* > 0, one can find XS* € X, such that

limsup p (©4(X{)) < €.

t—o00

Since Ry > 1, then one can find a small enough €} > 0 such that

(3.36)
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*

0
In particular, one can find X € X, such that

lim sup p (@t(Xg)) < %.

t—o00

One can assume that, for any ¢ > 0, p ( < . It follows from Equation (3 1

that

D)
(;1158()2/\_ — (v +u°)S +/a

=A—¢— v+ u)S(t) + a(a)((a)v(o,t —a)da

o\

>A—e— v+ p")S(t) + V/a(a)x(a)S(t — a) da.

If one applies the Laplace transform £ to the above inequality, one obtains

*

2= () LLSO)) + vL{alt)x (D)} L{S()}-

AC{S(H)} — Sy >

It follows that

SQ)\+A_€8
£{5<t)} > /\(/\+M0-|—y(1 —E{@(t)X(t>}))
So)\‘i‘A_ES
AN+ 0 +v)

A—ef 1 A—¢€ 1
- oy T So— 0 0
v+pd o A v+l ) A+v+p

A—¢€ 1 A—¢€ 1
> 0 _ 0 -1
S0 2 et {A}+(SO V+u°>£ {Mvﬂﬂ}

A — A—¢€)
= % T T (e ‘0 , for any t > 0.
v+ p v+ u

and hence,

This yields limsup S(¢) > 2= It can be assumed that for any ¢ > 0,

t—o00 v

A—¢€
v+ pd

*

S(t) >
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Now, we consider the boundary condition defined by the second equation of (3.2]) and
obtain

t

e(0,t) > S(t)/ (Ko(a)i(a,t)+/K(a,a/)i(a/,t) da/) da

0

/KO( Ji(a 1) da+/tK( o )i(d 1) dd’ da)

A_ * !/ /
Z<V+;8—€S) /K() ,t—a)( d&—i—/Kaa 0,t—a)(a )dada)

0

t t—a

> </V\;;g - q;) /Ko(a)g(a) (/5(b)ﬁ(b)e(0,ta b) db) da

0

—i—/t/tK(a, a')¢(a') (t/ale(b')ﬁ(b')e((),ta/ — b')db') da’ da) :

0

If one applies the Laplace Transform £ to the above inequality so that

£1e0.0) 2 (555 - ) (tminan) + 1L 100 )

LA{e@)d(t)} L{e(0,1)},

dividing the above inequality by £ {e(0,t)} yields

A—e o 1 _ -
12 (555 - ) (L0Ra0) + TL KGO0} ) 2000}

X (76)‘tK0(t>C(t) dt+7e‘” (/t K(t,5)¢(s) dg) dt)
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0
First, if one takes the limit inferior as t — oo on both sides of the above inequality, one

obtains

t

X e_’\tKo(t)C(t)leitrginf e MK(t,s)((s)ds | dt
] j

0

o A — 66 * 7 —\t
_ (V+MO €0> / e Me(t)0(t) dt
0

></ e_’\tKo(t)C(t)+/e_)‘tK(t,s)C(s)ds dt.

Next, we take the limit as A — 0 of both sides of the above inequality, to obtain

o0

12<V+u ) /6

0

o

x/ Ko(t)((t)+/K(t,s)g(s)ds dt,

0

which contradicts the inequality given in (|3.36)). [

Combining the results from Theorems [3.2.5| and [3.3.2| with [66, Theorem 3.2] lead to the

uniform (strong) p-persistence such that
Theorem 3.3.3. If R > 1, then the semi-flow ® is uniformly (strongly) p-persistent.

Definition 3.3.4. A total trajectory of a continuous semi-flow ®, defined by (3.4), is a
function X : R — X such that ®(X(r)) = X(t +r) for any (t,r) € Ry x R.
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It should be noted that a global attractor will only contain points with total trajectories
through them as it needs to be invariant. So, the a-limit point of a total trajectory X,

passing through X(0) = X, is given by

—
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=
o
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o
=
o
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—~
“@k
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)
o
\;L
S~—
-~
—
\;i-
S~—
=
~
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SN—
0
&
—+
=
wn
=
D
n

v(a,r) =vS(r—a)x(a), (a,r)e€ Ry xR,
e(a,r) =e(0,r —a)d(a), (a,r) € Ry xR,
i(a,r) =1i(0,r —a)((a), (a,r)€ Ry xR,

Corollary 3.3.5. Let A and X(t) be, respectively, a global attractor of ® in Xy and a
total trajectory of ® in ANX,. If Ry > 1, then there exists € > 0 such that

S(t),v(0,t),e(0,t),i(0,t), R(t) > e, for any t > 0. (3.37)
Proof. We consider the boundary condition given by the second equation of (3.2)). Using
(3.15) and (ii) of A1, we obtain
e(0,4) < 4]li(8)[11S(2) max { Ko, | K |1}
A2 o - (3.38)
< 45 max { Ko, || K|} = K.
Using the first equality of (3.1)), we have

S'(t) > A= (v—u’)S(t)

[e.e]

- S(t)/ Ko(a)((a)i(0,t —a) + /K(a, a)C(a)i(0,t —a')da | da

0

>A—(v—p*)S(t) — L/CS(t)/ Ko(a)¢(a) + /K(a,a’)g(a) da | da

that is,
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This yields

ASO 0, K AS©
S(t) > _ e (o)t (g _ ). 3.39
(>_(V+/LO)SO+K:+€ ’ O+ u0)S + K (3:39)

Taking htrg gf in (3.39) leads to

AS?
liminf S(¢) > = =:
mitS) 2 s T R

Therefore, S(t) > €. It follows that v(0,t) > e;v =: €.

€1.

Now, we consider again the boundary condition given by the second equation of .
It is easy to see that
e(0,1) = p(2:(Xo)) = p (X(1))
and hence,
e(0,t) > litrg(i)glfp (X(t)) -
It follows from Theorem and Definition that e(0,1) > € =: €3.

Furthermore, if the boundary condition given by the third equation of (3.2)) is considered,

one obtains
o0

i(0,t) = /19(@)5(04)6(0,25 —a)da > 63/19(0[)6(04) do =: €.

0

Finally, the fifth equation of (3.1]) leads to

d o0
GRO = e [ 2@ da - R
0
and hence,
R@2%+€W.%—% v(a)C(a)da | . (3.40)

0
By taking the limit inferior as ¢ — oo in ([3.40]), we obtain

(e 9]

liminf R(t) > % /v(a)g(a) da =: €,
0
and, therefore, R(t) > e5. By choosing e such that e = min {¢;}, for i € {1,2,3,4,5}, we

obtain

S(t),v(0, 1), e(0,4),(0, 1), R > e.
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3.4 Stability of equilibria

3.4.1 Local stability of equilibria

The conditions of stability for each equilibrium are derived through linearisation tech-

nique around the equilibrium.

The conditions of stability for the disease-free equilibrium E° can be investigated through

the following result:

Theorem 3.4.1. If Ry < 1, then E° is locally asymptotically stable; if Ry > 1, then E°

1s unstable.

Proof. To investigate the stability of the disease-free equilibrium E°, we denote by S (1),

v(a,t), é(a,t), i(a,t), R(t) the perturbations of S(t), v(a,t), e(a,t), i(a,t), R(t), respec-
tively, such that

~ ~ (3.41)
é(a,t) =el(a,t), i(a,t)=1(a,t), R(t)=R(1).
The perturbations satisfy the following equations:
d - R
£S(t) =—(v+p)S(t)+ /a(a)v(a,t) da
0
—SO/ Ko(a)f(a,t)+/K(a,a,)5(a,,t) da' | da
0 0
o 0@ t) = — 2 ila, )~ n(@)ifa, ) 3.42
5 0(a,t) = —=-9(a, n(a)o(a, :
0 _ 0 _ .
a@(@,t) —%e(a,t) - Q(G)U(G,t)
0 ~ 0~ 8
az(a,t) = —%z(a,t) o(a)v(a,t)
d. [ -
ER = /W(a)z(a,t) da — "R,
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after substituting (3.41)) into (3.1) and neglecting the terms of order higher or equal to

two, with boundary conditions

(0, ¢)

vS(t)
€(0,t) = SO/ Ky(a)i(a,t) +/K(a, a)i(a  t)da | da

0
00

%@in/q@a@od%
0
after substituting (3.41)) into (3.2) and neglecting the terms of order higher or equal to

(3.43)

two.

Now, we consider the exponential solutions of system (3.42))-(3.43|) of the form

S(t) = SeM, w(a,t) =v(a)e™, é&(a,t)=eé(a)e™, i(a,t) =1i(a)e™, R(t) = Re™,
(3.44)
where S, ©(a), €(a), i(a), and X (real or complex number) satisfy the following system

of equations:

oo

AS =— (v+u°)S + /a(a)z‘;(a) da

—SO/ Ko(a)g(a)+/K(a,a/)5(a,)da, da
Ao(a) = —dia@(a) —n(a)v(a) (3.45)
Ne(a) = —ela) ~ ofa)o(0)
Ni(a) = —diag(a) —o(a)v(a)

amzm/ KMW@+/M@@MWM da (3.46)
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- 76(@)6(@) da

From the second, third and fourth equation of ([3.45]), we obtain

—e

“a— [ n(s) ds “xa—fo(s)ds . —Aa—[o(s)ds

v(a) =0(0)e 0 , ela)=¢(0)e 0 , i(a) =1i(0)e 0 . (3.47)
respectively; where ©(0), €(0), and (0) are given by (3.46)).

Substituting the last equation of (3.47)) into the boundary condition given by the second
equation of (3.46)) yields the characteristic equation

e'(\) =1, (3.48)
where
—Aa—
/5 fg da
7 —)\a—ao(s) ds ¥ , —)\al—a (s)ds
x/ Koy(a Of —i—/K(a,a)e Ofg da | da,

0 0

and such that €°(0) = Ro. It is not difficult to see that £€°(X) = —€°(A) < 0. Thus,

€o()\) is a decreasmg continuous function of A which approaches co as A — —oo and 0
as A — oo. Hence, the characteristic equation ([3.48) admits a real solution \* such that
A* < 0 whenever €°(0) < 1, and \* > 0 whenever €°(0) > 1.

On the other hand, by assuming a complex solution A = « + if of the characteristic
equation €°()\) = 1, it can be noted that R (e*) < e*™ is always true. Thus, we clearly
obtain RE2(N\) < €O(RN). Tt follows from the characteristic equation €°(\) = 1 that
REO(N) = 1 and S€°(\) = 0. Therefore, we obtain 1 < €2(RN), i.e. €2(N\*) < €O(RN).

Hence, /A < \*, since €°()) is a decreasing function.

It results from the above statements that all eigenvalues of the characteristic equation
€%(\) = 1 have a negative real part whenever €°(0) < 1, i.e. Ry < 1. Thus, the disease-
free equilibrium EV is locally asymptotically stable if g < 1. Otherwise, €°(0) > 1, i.e.
the unique real solution of the characteristic equation €°(\) = 1 is positive, and hence,

the disease-free equilibrium E° is unstable. O
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Theorem 3.4.2. If Ry > 1 then, E* is locally asymptotically stable.

Proof. Likewise for the disease-free equilibrium, the disease-endemic equilibrium is per-
turbed by letting

S(t)—S*, o(a,t) =v(a,t) —v*(a), é(a,t)=ce(a,t)—e"(a),
i(a,t) =i(a,t) —i*(a), R(t)=R(t)— R".

nn
—
~
N——
I

(3.49)

Substituting S(t) = S(t) + S*, v(a,t) = 0(a,t) +v*(a), e(a,t) = é(a,t) + e*(a), i(a,t) =
i(a,t) +1i*(a), R(t) = R(t) + R* into (3.1)) and neglecting the terms of second order and
above, the perturbations satisfy the following linear system:

o0

530 =-w+)30) + [ a@p(a.t)do
— S / (Ko(a)g(a,tH / K(a,a))i(d ,t) da’) da
~ 3 / (Ko(a)z*(a)—l— / K(a,a/)z*(a)da') da

%a(a, t) = —%f}(a,t) —n(a)i(a,t) (3.50)
%é(a,t) —%é(a,t) o(a)v(a,t)
J- d ~ ~
az(a,t) = —%z(a,t) o(a)v(a,t)

%é = /v(a)z(a, t)da — u°R,

é(0,t) :S*/ (Ko(a)g(a,t)+/K(a,o/)g(o/,t) da/) da (3.51)
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o0

70.4) = / c(0)é(v, 1) da,

0
after substituting S(t) = S(t) + S*, v(a,t) = ¥(a,t) + v*(a), e(a,t) = é(a,t) + e*(a),
i(a,t) = i(a,t) +i*(a), R(t) = R(t) + R* into (3.2) and neglecting the terms of second

order and above.

Now, the exponential solutions of system (3.50))-(3.51)) of the form

S(t) = SeM, w(a,t) =v(a)e, é(a,t)=¢é(a)e™, i(a,t) =1i(a)e™, R(t) = Re™,
(3.52)
are considered, where S, ©(a), €(a), i(a), and A (real or complex number) satisfy the

following system of equations:

AS =— (v+u°)S + /a(a)ﬁ(a) da

Mi(a) = ——1v(a) — n(a)v(a) (3.53)
re(a) = ——e(a) — o(a)v(a)
Xi(a) = —%E(a) —o(a)v(a)

e(0) = S*/ (Ko(a)i(a)+/K(a,a/)z’(a/)da/) da (3.54)
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i(0) = 75(@)6(@) da.

Similar to the process leading to the characteristic equation (3.48)), the characteristic

equation at the disease-endemic equilibrium E* is given by:

A+’ +vA)EN) = B — (A +p’ +vAy) =0, (3.55)
where
()
¢ (\) = 0
N="=x""

B— / Ko(a)i*(a) + 7K(a, a)i*(') dd | da > 0.

0

It is sufficient to prove that (3.55)) has no root with nonnegative real part. Thus, it is
assumed that (3.55)) has a complex root with a nonnegative real part denoted by

A=a+if,
where o > 0 and § # 0. It follows from (3.55)) that

(a+iB+ p° + vAayip)C(a+iB) — B — (a+ i+ p° + vAgsig) = 0,

where &0 .
e tig) = TP g
Ro
7 —aa—a s)
Aprip=1-— /a(a)e § 1L =i da > 0
0
B :/ (Ko(a)z*(a) + /K(a,al)z*(d)da da >0,
0 0
and, hence,

Ca+if) =R (a+if) + SC(a+ i),



CHAPTER 3. AGE-DEPENDENT SVEIR MODEL 45

where
. 0 —aa— [ n(s) ds
R (a+@6):1+K a+p +v—v [ ala)e 0 cosfada ] >1  (3.56)
af ]

and

B 704(17(1 (s)ds
I (o + 1) =—% ﬁ—u/a(a)e { sin fada | <0,

af )

with

2

—aa—a (s)ds
K. = a+u0+y—v/a(a)e i cos Ba da
0

00 2

—aa—fn(s) ds

+ 8- V/a(a)e 0 sin Bada | > 0.
0
Since RE*(a + i) < €*(«) is always true and €*(a) < €*(0) = 1 (€* is a decreasing
function of ), thus R€*(a + i) < 1.

Therefore, the latter statement contradicts (i3.56)). O

3.4.2 Global stability of equilibria

To investigate the global asymptotic stability of equilibria of system (3.1]), the suitable

Volterra-type Lyapunov functions of the form
GX)=X-1-InX, X>0, (3.57)

is used.

The following results are stated:

Theorem 3.4.3. The disease-free equilibrium E° of (3.1)) is globally asymptotically sta-

Proof. A Lyapunov function L° of the form

LO(t) = LY(t) + Ly(t) + L5(t) + Ly(t) + L3(t)
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is considered, where

e (%) L) = 7&(@0 (Z(O"(at))) da

o0 o0

() = / ola)e(a,t)da, IO(t) = / w(a)i(a,t)da, LO(t) = COR(?).

0 0

The functions ¢ and w are nonnegative and should be chosen suitably and carefully. L?,
i =1,...,5, denote the derivatives of LY with respect to t along the solution to (3.1))

and are given by

B30 = a5t (2= 5= 5) 1 (1=2) [atonte) (1- 29

L) = — lim v(a,") + v (S — S°In S) + vS°(1 — Inv)

— /n(a) (v(a,-) —v%(a) Inv(a,-)) da (3.58)

0

L3(-) = = lim p(a)e(a, ) + (0)e(0,-) + [ (¥(a) = o(a)p(a)) e(a, ) da,

a—00

LZ(-) = — lim w(a)i(a,-) + w(0)i(0,) + [ (w(a) — o(a)w(a))i(a,-)da,

a— o0

0\8 0\8

L) = CO/’y(a)i(a, Yda — C°u°R.

Therefore,

L) = (v+pu®)S° (2 — % - %) + (p(0) — 1) e(0,-) + v(S — S°In S)

+vS8%1 —Inv) — (1 — —) 7a —C° ( °R + 77(&)1‘(61, ) da) ,
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(w/(a)w( Jo(a) + S°Ko(a) +SO/K ) a,-)da

(¢'(@) = ela)e(a) + w(0)e(a)) ela, ) da,

+

+

0\8 0\8

i.e.,

20 =405 (2= 5 = 55 ) + (6(0) = 10, 4 v(5 — 1)
+ 81 —Inv) — <1 _ %0) 704(@)110(@) da
_ (,ﬁR - 77(@@'(@, )d ) _ %0 7a(a)v(a, ) da (3.59)
OO )da - 7 @) (vla,) =@ no(a, ) da
+7(w a) + S°Ko(a )+307K(a g)e 170 a) i(a, ) da
+ 7 (¢'(e) +w(0)(a)) ela, ) da

It should be noted that

v(S—SInS) +vS°(1 —Inv) — (1—§)/a a)da = —vS°(1 + Invs)
0

L o V97 4+ (8" + (A= (v +4")8%) S = (A = (v + 1) $")S"]

o0

after using /a (a)da = —A+ (v + p°)S°. Thus, Equation (3.59) becomes
0

B0 = 008" (2= 5 - ) + (60 = D)
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~C° (,uOR — /fy(a)i(a, ) da) —vS°(1 +InvS)

0

+ LS g (2S04 (A — (v 1 10)S9) S — (A — (v + 1)S%)S”]

T3
_ 5_0 / ) = n(@)®(a) nv(a, ) da (3.60)
+ / (w (@) — o(a)w(a) + S°Ko(a) + S° / K(a,d)e 1 "“)dsda’) i(a,") da

+/ (sD,(a) — o(a)p(a) + w(O)e(a)) e(a, ) da.

0

Using assumption A2, we demonstrate that

WOR(#) — /7( Vi(a,t)da > jOR(?) /z a.t)da > OR(E) = I(t) > 0, (3.61)

where

- 7@'(@, )d

Using assumption A3, we obtain

o0

[ (@) = a@y(a) = n(a)e’(@) lo(a, ) da

0

>

(n(a)(1 = °(a)) — ala)) v(a, ) da
(3.62)

> [ (n(a)(1 —vS°) — afa)) v(a,-)da

> (n(a) (1 —A (1 — /oz(a)e_ofn(S)ds da) ) — a(a)) v(a,-)da > 0.

Next, functions w and ¢ are chosen such that

\8 0\8 0\8

o0

aasds , —uosds
w(a) /( +/K ) )e{() du (3.63)
0
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and
o0

o(a) = w(0) / cwe 17" g, (3.64)

It follows from (3.63)) and (3.64) that ©(0) = Ry and

l
o0

w(O):So/ Kolu e_of”(s S+/K e_f”(s “dd' | du.
0

0

Moreover, by differentiation of (3.63]) and (3.64]) with respect to age a, we obtain

/
a

’ o(s)ds ,
w (a) — o(a)w(a) + S°Ky(a) +SO/K Je A da =0
0

and

’

¢ (a) — o(a)p(a) +w(0)e(a),
respectively. Therefore, (3.60)) is reduced to

L) = _% (S — SO)2 + (Ro — 1) €(0, )

- C° (/LOR - /fy(a)i(a, ~)da) —vS°(1+1nwvS)

0

+ < [+ (2v8° + (A = (v +1°)S%) S — (A = (v + 1*)S°) S (3.65)
-5 a(a)v(a,-)da — / ((n(a) — afa))v(a,-) —n(a)v’(a) Inv(a, )) da.

We denote
F(S)=vS*+ (2wS"+ (A= (v+u")S%)) S — (A — (v + u°)S")S°. (3.66)

Since

< 8% < ,
o + v o — v

it is easy to check that F'(S) has two negative (real) roots. Moreover, F'(S) > 0 for every
S > 0. Therefore, the sign of L°(-) will be determined by the sign of

F(0) = (v + i) (S() — S°)? = —AS" — (v + u)S(8)(S(t) — 25°).

Thus, three cases occur as follows:
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Case 1: S(t) > 2S5°. Tt is easy to see that F/(0) — (v + u°)(S(t) — S°)? < 0 and, therefore,
LO(t) <0 if Ry < 1.

Case 2: S(t) = 25°. For this value of S(t), we have F/(0)— (v+u®)(S(t)—S°)? = —AS® < 0
and, therefore, LO(t) < 0 if Ry < 1.

Case 3: 0 < S(t) < 25°. For such values of S(t) we have F(0) — (v + u°)(S(t) — S°)? =
—(A=2(v+u®)S(#))S° — (v + u°)S?. Since 271 (v + u®) 1A < 259, it follows that
F(0) — (v + p°)(S(t) — S%)?% < 0 for any 0 < S(t) < 271 (v + u°)~'A. Therefore,
LO(t) <0 if Ry < 1.

It results from the above that the derivative of L°(¢) along the solutions of Equation
B1) is LO(t) < 0. If S(t) = S°, v(a,t) = v°(a), and e(a,t) = i(a,t) = R(t) = 0 are
simultaneously satisfied with %, = 1, then L°(#) = 0 holds. Moreover, it can be veri-
fied {(S,U, e,i,R): L(t) = O} = {E"}. Therefore, it results from Lasalle’s Invariance
Theorem [I3] p.200] that E° is globally asymptotically stable, if %, < 1. O

Theorem 3.4.4. The endemic equilibrium E* of (3.1)) is globally asymptotically stable
on the set, if Ko > 1.

Proof. To prove the above result, a Lyapunov function of the form given below is con-

sidered:
L*(t) = L(t) + L3(t) + L3(t) + Li(t) + Ls(t),

where

L) = 5°G <S§t)> L) = 7v*(a)c; (Z(*‘z’at))) da, Li(t) = 76*(a)a (ee(fz;?) da

Lit) = ]O i*(a)G (ifft(’cg)) da, Li(t)=R'G (@g?) ,

with G(X) =X —In X — 1, for X positive.
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Thus, we have

L) = (1 — %) [A —(v+p)S + /a(a)v(a, ) da

—57 (Ko(a)i(a, D+ 7}((@/, a)i(d,-) da/) da]

0

Using Equations (3.23)), (3.30) and (3.31)) together with the first equation of (3.24]), we

obtain .
TS S* S S* S .

+ (1 - %) [ 7a(a>v*(a) da + 704(@)1}(@, ) da

—S*]O (Ko(a)z'*(a) + / K(a’,a)z’*(a')da’) da] .

0
Some terms are carefully added and subtracted to the above expression, and the group

of terms identified in the form given by G(X) = X —1 —In X. We obtain

Bo-7(2-5-%)- 7 oty (o) |6 (%)
(%) -6 (%) sa—26 () [ ot
s [oarnfo (555) -0 ()]
o] o (353) o (152)]

0
By differentiating L3 with respect to ¢, we obtain

Pi) = — / (1 _ ;’(CE“))) (%v(a,-)Jrn(a)v(a,-)) da. (3.68)

(3.67)
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6 (253) = (1- 22) (40 i)
thus, Equation yields

Since

o T N, v(a,-)
Li() = —/v (a)aG (v*(a) ) da. (3.69)
0
Using the second equation of after integrating by part, we obtain
[ ox % S [ * U(CL, )
Li(-) = v*(0)G (S*) - /n(a)’u (a)G ( (@) > da. (3.70)
0
Moreover, the following equation
r -7 s)ds T
6 (2 = v (0) /n(a)e [ (5 go = /n(a)v*(a)G 5 da, (371)
S* S S
0 0
yields
[ _ * ’U(CL, ) . E
Li(-) = /n(a)v (a) {G (v*(a)) G (S*)l da. (3.72)
0
Similar to L3, from L3 and L} we obtain
SN N ela,)\ ., (e0,)
550 =~ [eet@ |6 (25)) - 6 (45| da (573
0
and .
P _ -k i a") . Z(O,)
i) = / o (a)i*(a) [G (—Z (a)> G (—Z o )] da, (3.74)
0
respectively, using the fifth equation of , L} leads to
. R R
k0 — 0 p* o
B0 =r (2- - )
(3.75)

- [ [o (i) o () -6 ()] o

By combining (3.67)), (3.72), (3.73), (3.74), and (3.75]), we obtain
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6 (29)] 26 () oo oran




CHAPTER 3. AGE-DEPENDENT SVEIR MODEL

e (5) () ()

54

_ O]og(a)e*(a)G <ZZS(7)£)€6(?(’@§) da — Zg(a)i*(a)g (Zé?i;gf(,a) .
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ZJW@G (PO oy (- T
- 0/ o(a)i*(a) (1 - Z((EO))) (Z&Cé;)) - 2&2’0‘))) da
rovole(h) - (5) o () »

Using assumption A3, it is easy to see that A < 1 — / a(a)e_ofa " 0. Hence, %Z < %
for Ry > 1;i.e., 1 — vS* > 0 for Ry > 1. Moreover,
c6 (i) e (5) -6 (3) - (%) (- 55) =0
& (% <1 and Z(*Oz’a')) > 1) or % >1 and 11};(*627(1.)) < 1);
6 (Gi) o (5) e () - () (-55) =0
@(%>1 and liicz:l'))>1> or (S£<1 d (a—;))<1)
(- 50) (i -5 =
= (=S <) o (N - W )
- (1-705) (0(< }- 50 > O
(3 < 7o <) o (5 = 5 )
+ (G ) - (&) o (5g) - (%) (- 555) =«
@(R£<1 and %>1) 0 <R£>1 nd Ziicz;)) <1>
e e L*(t) <0, (3.77)

in the following cases:
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() & <1, 5% > 1, 499 > <

e*(a) e

; > 1, z(a) < 0 1 and % > 1;

<
—~

S
Z

(i) & <1, 4ed > Z(‘zag <0 g Mo o W0) - and £ > 1

(i) & 51, o) <1, o)

e*(a) e

; > 1, 4%) 5 W0 5 and £ < 1

<
—

Q
=

(iv) & >1, %) cq dod o0 g e 5 W09 g gnd B <1,

e*(a)

<
—

)
~

From (3.77), we say that the derivative of L*(¢) along the solutions of Equation (3.1)
is L*(t) < 0. If S(t) = S*, v(a,t) = v*(a), e(a,t) = e*(a), i(a,t) = i*(a), R(t) =
R* are simultaneously satisfied, then we obtain L*(t) = 0 from (3.76). Moreover, it
can be verified {(S,v,e,i,R) L LA(t) = O} = {E£*}. Therefore, it results from Lasalle’s
Invariance Theorem [I3], p.200] that E* is globally asymptotically stable, if Ry > 1. O

The results from Theorems [3.4.3] and [3.4.4] show that there is a threshold parameter,

referred to as the basic reproduction number and denoted by Ry, that is essential in the
stability analysis of the global behaviour of the system defined by (3.1)). Moreover, such
a parameter can play a crucial role in the implementation of human vaccination policies.

As seen in the following equation:

[e.9]

IRy A(l - P) /

(@ +v(1=P)*

Koy(a)((a) + /K(a, a)C(a)da | da <0,

0
the rise in rate of vaccination of (infant) susceptible individuals against an SEIR infection
can reduce the spread of the infection and assist in the elaboration of policies to reduce

and prevent the spread of the infection.



Chapter 4

Coagulation-fragmentation models

using the monotone method

4.1 Introduction

Coagulation-fragmentation equations describe the dynamics of particles enlargement un-
der the combined effect of aggregation and breakage. These phenomena occur in chem-
ical engineering and natural sciences such as in rock fracture, droplet break-up, evolu-
tion of phytoplankton aggregate, polymerization and depolymerization. During the last
decades, many investigations have been conducted on coagulation, fragmentation and
both coagulation-fragmentation processes with growth (see for example [4] 6, 8 14} [15,
16, 17, 39 52), 64], [78] and the references therein). Many of these investigations dealt
with the well-posedness of the dynamical system governing the evolution of the system of
particles (see for example [5] 0] 17, 18, B39, 62]). In the literature, three common methods
are generally employed to established the well-posedness of the model. The first method
is based on the semigroup theory. It is elegant and one of the most used in applied
sciences (see for example [14 [15] 16, 17, 18|, 39, [44] 45| [52]). The second method is the
well-known characteristics method, which has also been used extensively to determine
the existence and uniqueness of solutions (see [2I] and references therein). The third

approach is the finite difference approximation technique. This technique is useful in the

57
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context of classical conservation laws (see [23]) and is very effective in the investigation

of the physical properties and asymptotic behaviour of solutions.

Ackleh in [1L 2, B, 4, [ [7, 8, @] used the monotone method to investigate coagulation
equations with growth without fragmentation. In this approach, monotone sequences
of upper-lower solutions are constructed to prove the existence and uniqueness of the
solution using the comparison principle. To the best of our knowledge, the monotone
method has not been developed for coagulation-fragmentation equations. The main
purpose of this study is to undertake such a task in order to establish the well-posedness

of this evolution problem.

In Section 4.2 a non-autonomous coagulation-fragmentation model was analysed in the
Banach space X; = L'((0,T) x (z9,00),zdx). Subsequently, in Section a non-
autonomous coagulation-fragmentation with growth was considered in the Banach space

Xo=L'(0,T) x (z9,0), dz).

4.2 Coagulation-fragmentation model

In this section, coagulation-fragmentation processes are first described and assumptions
considered. Next, upper and lower solutions are defined and the comparison princi-
ple proved. Finally, the local existence and uniqueness of the solution of the model is

established and show that this solution is also global.

4.2.1 Description of the model

Denoting the particle mass distribution z at time ¢ by u(¢, ), the coagulation- fragmen-
tation process is derived by the following nonlinear non-autonomous integro-differential
equation:

Opu(t, x) + alt, v)ult, r) = + ) Blaly)a(t, y)ult, y)dy

x+x0

+ X]éx) /m:—wo /ﬁl(l‘ -, y)u({;’ y)u(t, xr — y)dy (41)
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~ult.o) [ " w(zyult,y)dy,

o

for (t,z) € (0,T) x (x,0), subject to the initial condition

u(0,x) = ug(x), for = € [xg,0), (4.2)

where the characteristic function y, (I = [2z¢,00)) guarantees no particle of mass less
than 2xy (o > 0) can emerge as a result of coagulation. In equation , the coeffi-
cient «(t, x), denotes the fragmentation rate of particle masses x at time ¢, and f(x|y)
represents the mass distribution of daughter particles of mass z after fragmentation of
an aggregate of size y. The function k(z,y) is said to be the rate at which an aggregate

of size x fuses with the one of size y.

In equation , the meaning the terms are given as, from left to the right, the diminu-
tion of amount of particles in the size range (x;z + dx) as a result of splitting, the
augmentation of amount of particles of size x as the result of splitting of larger ones, the
increase in the amount of particles of size © > 2xy caused by coalescence of aggregates of
size x —y and y (o < y < x — ), where the factor 1/2 means that either an aggregate
of size y sticks to the one of size x — y or vice versa. The last term represents loss of

particles of size x due to fusion with particles of size y, (y > xo).

We base our analysis on the following hypotheses:

(A1) B(x|y) > 0is a continuous function on (xy, 00) X (g, 00) with || 8]l < oo; B(x|y) =

Y—=o
0 for z + z¢ > y and / B(x|y)dx =y for every y > 2xq;

zo

(A2) a(t,z) € L>([0,T] x (xg,00)). Particle sizes below 2xy do not split since the least
possible particle size is 2. Hence, we suppose that 0 = «(t, ) for 2z > x;

(A3) k(x,y) > 0 in L*>®((zg,00) X (x9,00)), where ||k|lo := esssup{k(z,y);(x,y) €

(x()? OO) X ($0> OO)}a

(A4) up(z) > 0 on [zg,00) and ug(x) € L'((xg,00)) N L>®((xg,0)).

For simplicity, let Dy = (0,T") x (0, 00) and Cg,.(Dr) = {¢ € C*(Dr) : 3y € (0, 00)
such that ¢ =0 for > w4 }.
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4.2.2 Comparison principle

The definition of the solution of (4.1)-(4.2) is given as follows:

Definition 4.2.1. u(t,x) is called a solution of (4.1)-(4.2) on Dy if all the following
hold:

1. ue X, = LYDr,xdx).
2. u(z,0) = up(x) a.e. in (xg,00).

3. For each t € (0,T) and every nonnegative &(t, ) € Cy,.(Dr),

/OO zu(t,x)é(t, x) de = /OO zu(0,2)£(0, x)dx

o o

+/°° /t zu(s, x)&s(s, x) ds dx
te) 0
[ ] utsmatsn) [ etle. ) drayds

+/: /Ot w€(s, )(Fu)(s,x) ds dw (43)
_ /3: /Ot x&(s, x)u(s, ) /x:o k(z, y)u(s,y) dy ds dx
B /ﬂ: /Ot w§(s, w)a(s, v)u(s, ) ds dx
where
(Fu)(t,z) = XIT(x) /I::IO Kz —y,y)u(t,z — y)u(t,y) dy. (4.4)

Let a pair of lower and upper solutions of the model (4.1))-(4.2) be defined as follows.

Definition 4.2.2. Given a pair (u, u), the functions u(t,z) and u(t,x) are said to be a

lower and an upper solution to (4.1)-(4.2) on Dy, respectively, if:

1. u,u € Xy = LY(Dr, zdz).
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2. u(0,x) > up(z) > u(0,2) a.e. in (xgy,00).

3. For eacht € (0,T) and every nonnegative &(t,z) € Cg,(Dr),

/OO zu(t, z)é(t, x) de < /: zu(0,z)E(0, z)dx

Zo

+ [ [ st dsa

! / | /OO u(s,y)als,y) / " aBaly)S(s. ) do dyds
T [t
/xo / w (s )y )/ K@, y)a(s,y) dy ds de
/ /xésx (s, 2)uls, z) ds da.

/m OO zu(t, x)§(t, z) de > / OO 27(0, 2)€(0, x)da

+/: /Ot atu(s, 2)&(s, ) ds da

+/Ot/2:a(s,y)a(s,y) /ﬂ:mo 2B(x|y)E(s, ) dw dy ds (46)
+/:O /Otxf(s,w)(fﬂ)(s,x) ds da

_/: /Otmg(s,x)g(ij) /: s(z,y)u(s,y) dy ds dx

iy B

Based on Definition [£.2.2] the comparison principle is stated and proved as follows:

(4.5)

Theorem 4.2.3. Let assumptions (A1) — (A4) hold. If u and T are nonnegative lower
and upper solutions of the model (4.1)-(4.2)), respectively; then, u < a.e. in Dr.

Proof. A negative function v is considered such that v = u — w and £ is chosen so that

£ € Cy,((0,T) x (xg,m)), n € N*, with Cj.((0,T) x (x0,1)) = {¢p € C'((0,T) x (0,n)) :
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Jxy € (z9,n) so that 0 = ¢ for zy, < x}. Thus, v satisfies

0>v(0,2) = —(u(0,z) —u(0,2)) a.e. in [zg,00) (4.7)

and

/m:o zv(t, x)E(t, z) de < /z:o 20(0, 2)€(0, 2)dz

+/°o /Ota:v(s,x)fs(s,x) ds

v f [ ety [ st mpen drdy

# [ [ et (P - (P asas (1.9
o (o, a10s,0) [ (s, ) dy dsds

_ / OO /O et (s, 2)0(s, 2) / oo (s V(5. y) dy ds dz

_/Oo /Otxf(s,x)a(s,x)v(s,x) ds dz.

Upon manipulation,

/Oo/txgsm (Fu)(s,x) — (Fu)(s,x)] dsdx
/ /mésxxl / - k(z —y,y) [uls,z —y)v(s,y) (4.9)

+u(s,z — y)u(s,y)| dydsdx

is obtained.

It follows that

/x:O /Ot 2€(s, x) [(Fu)(s, x) — (Fu)(s,z)] dsdz

B %/0 /xo v(s, ) /WO z&(s, x)x, (x)k(x —y,y)u(s, © —y) dv dy ds
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/ / (s, / 2t (5,20, (2)R( — y,y)o(s,x — y)dudyds  (4.10)
/ / Fo(sy / (y+ 2)E(s5,y + 2%, (9 + 2)w(z yuls, =) dz dy ds
by [ [ [k e v et mitodayas

Let &(t,z) = eM((t,x), where ¢ € C§,.((0,T) x (20,n)) and a positive A is picked such
that A — a(t,z) — / u(s,y)k(x,y)dy > 0 on Dp. Then,
zo

e’\t/ zo(t,x)((t, x) dz

o

< /OO 2v(0,2)¢(0, z)dx + /OO /t zv(s, 2)e* (s, z) ds d

Zo

e[ L eteatean [ oot oy

/ /:cvs 2)eMC(s, ) <)\—a(s 7) - / (:z:,y)ﬂ(s,y)dy) dsdr  (411)

/ / (s y)/ (y+ 2)e Asg(s y+Z)X,(y+2) (z,y)u(s, z) dzdy ds
+§/0 /gc0 u(s,y) /xo (y + 2)e™C(s,y + 2)x, (v + 2)K(2, y)v(s, 2) dz dy ds

> ! As _ o0
+/x0 /Oxe C(s,x)u(s,x) /xo k(z, y)v(s, y) dy ds dz

is obtained.

A backward problem is formulated as follows:

0= ((s, ), 0<s<t, zop<zT<n
0=((s,n), 0<s<t (4.12)
X' (z) = ((t, @), zo <z <.

Here, x' € C5°((wo,n)), 0 < x!' < 1.

The existence of ¢ € C(,((0,T) x (xo,n)) follows from the fact that by the variable
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change ¢ =t — s, the above problem (4.12)) can be written into

¢ (e, ) =0, 0<s<t, zop<x<n
C(Ov l’) :Xl(x)a n Z X Z Zg.

From (4.13), 0 < ¢ <1 on (0,7) x (zg,n) is obtained.
Thereafter, ¢ is substituted into (4.11)) to obtain

/ xv(t,a:)xl(x)dxg/ 2v(0,2)" dz
0 T
’ t 0
—I—// xa(s,x)v(s,x)+dmds
0 2x0

t 00
+ 1// / xv(s,x)" dz ds
0 x0

where
v :Spif [(/\ —a(s,x) — /: r(z, y)u(t, y) dy)
. / °° X, (@ + 2)A(z, 2)ult, 2) dz
+ §||/$||oo /9:(1 + X, (z +y))u(t, y) dy}
and

v(s, )t = sDﬁ) {v(s,),0}.

From the initial data for v in (4.7)),

64

(4.13)

(4.14)

n t 00 t 00
/ wu(t, 2)x (x)dr < / / za(s,x)v(s, )" drds + V/ / zv(s,x)" dr ds,
o 0 2x0 0 T

0

is thus, found.
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From the assumption (A2), a(t,z) = 0 for x < 2x( is obtained, and then

/ xo(t,x)x (x)dx </ / (s,2) + v)av(s, x)" dx ds.

Since this inequality holds for every !, a sequence {x.} can be chosen on (0,n) con-

verging to

1 if o(t,z) >0

0 otherwise.

Therefore,

/xvtx+dx<// z) +v)zv(s,x)" dxds

is obtained, where v does not depend on n. As n — oo, one obtains

/ mvtm+dm<// (s,2) + v)av(s, x)" dz ds.
z0

From assumption (A2), there is a positive constant 7 so that

00 t 00
/ zu(t,z) de < (v +1) / / zv(s,z)" dx ds. (4.15)
xo 0 xo

From Theorem [2.1.1] one obtains

/ zv(t,z) dr = 0.

zo

It then follows that v < 0 a.e. in Dp. Thus, the proof is completed. O

Remark 4.1. From the proof of Theorem it follows that for any v € L' (Dy, xdx),

if v(0,2) <0 a.e. in (xg,00), and the following inequality holds for every nonnegative
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5 S O(%,r (DT) J

/:o zo(t, 2)§(t, v) dr < /OO 2v(0, 2)£(0, z)dx

0

+/0° /t zv(s, x)&s(s, x) ds dx
0 0
+/0 /2 a(s,y)v(s,y)/ Oxf(s,az)ﬁ(x|y) dx dyds (4.16)
—1—/00 /t z&(s,x)A(s, x)v(s,x) ds dx

L) 0

o0 t [e§)
+/ / xv(s,x)/ E(s,x+y)B(s,z,y)dydsdx
o 0 ots)

where B >0, A € L>*(Dr) and fxo; B(t,z,y)dy € L*(Dr), then v(t,x) <0 a.e. in Dy.
This result is used later in Section [4.3.

Corollary 4.2.4. Let the assumption (A1) —(A4) hold and u and u be nonnegative lower
and upper solutions to (4.1))-(4.2), respectively. If u is the solution to (4.1)-(4.2)), then

u>u>u  a.e in Dp.

Proof. 1t is first claimed that u > 0, since if v = —u, v satisfies (4.16)) with A(¢,z) =
—a(t,x) — [ k(z,y)u(t,y) dy, and B(t,z,y) = $x,(x + y)s(z,y) ult,y). Then, let
v = u — u. Since —u(t,x)/ r(z,y)u(t,y) dy < 0 and w satisfies

xo

L oo Tt 2)E(E ) do > / OO 27(0, 2)(0, ) dz
v [ [ et e dss
w [t [ sets arateln) e ayas
n / Oo /O vt (s,2) (Fu)(s. ) ds d
_ /OO /0 vt (s, )a(s, 2)a(s, 2) ds d

one can see that v satisfies (4.16) with A(t,z) = —a(t, ), and
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Blt,2,9) = 5x,(x + )l yult, ) + s, )t ),

which shows u < @. Now, let v = u — u. Since

/ " e y)ult,ult,2)dy < / " e, gyt y)ult, 2)dy,

Zo zo

v satisfies (4.16]) with

Alt,z) = —alt,z) - / " (e, gyt y) dy,

zo

and

Blt,2,9) = 5x,(x + 9)lnle, hult, ) + sl y)ult, ),

hence, © < u. Thus, the proof is completed.

4.2.3 Analysis of the problem

67

In this section, two monotone sequences of upper and lower solutions are constructed to

show their convergence to the unique global solution.

Suppose that u°(t, ) and w°(t, ) are a pair of lower and upper solutions of (4.1])-(4.2)

and are continuously differentiable in ¢. Under the hypothesis (A2), a positive constant

M can be chosen such that

M — ot z) — / k(z,y)u(t,y)dy >0 for (t,z) € Dy

o

and u’(t,z) < u(t,z) < u’(t,z). Thus, two sequences {u*}3°, and {u*}2, can be set

up as follows:

For k = 1,2, ..., let u* and u* satisfy the equation
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uy = —a(t,z)u ! 4 / alt,y)B(xly)u" " (t, y)dy — M (u* — 1)
T+x0
+ Fult — gk_l/ k(x,y)a@*(t,y)dy on Dr (4.17)
zo

u(0,2) = up(z) in [0, 00)

and

ﬂ? = —Oé(t, ',I;)ﬂkil + / Oé(ta y)ﬁ(l”y)ﬂkil(t y)dy - M<Ek - Ekil)
r+x0
+ Fa" Tt — Ekl/ k(z,y)u* " (t,y)dy on Dy (4.18)

Zo

u(0,x) = up(z) in [0, 00).

The existence of solutions to problems (4.17)) and (4.18)) follows from the fact that (4.17))
and ([4.18) are both linear problems with initial conditions. It is first shown that u® <

u' <u! <@ Let v(t,z) = u® — u'. Then, v satisfies (.16 with A(t,x) = —M, and
B(t,z,y) = 0. Thus, from Remark [4.1|v < 0, u° < u! is obtained. Similarly, u! < u° is

obtained.

Then, let v(t,z) = u' —u°. Since v® < u! and @' < @°, v satisfies (4.16)) with

Alt,z) = —a(t,x) — /00 k(z,y)u’(t,y) dy,

z0

and

Blt,,y) = 5, (¢ + y)le ) (1,9) + 7).

Hence, u' < uP. Likewise, it is clearly seen that @' > u

Thus, u' and @' are claimed as lower and upper solutions to (4.1)-(4.2), respectively.

Since u° < u! and w! < @Y, on the one hand, the right-hand side of the equation in

(4.17)) satisfies
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o

— aft, )l + / a(t,y) By (¢, y)dy — M(u — )

+x0

LU - / (e, y)T (1, y) dy

o

- / T alt )t 9)B(ely)dy — Mu!

+xo0

# (M- atta) = [ wtepm ) o

x0

Y, (z T—x0
+ %)/ Kz —y,y)u’(t,x — y)u’(t, y)dy
z0

< / () (1 y)Blaly)dy — Mo

+zo

b (M=ot - [Tt dy) o

zo

X, (x T—I0
+ —Ié ) / Kz —y,y)u'(t,x — y)u'(t, y)dy
xo

[e.9]

— —alt, )+ / ot y)Bxly)u' (¢ y)dy

T+x0

+ Fu' —Ql/ sz, y)u'(t,y) dy.

zo

In (4.18)), the right-hand side satisfies

o)

ot 2)a + / ot y)B ey @t y)dy — M(a — °)

+zo

+ Fu’ — ﬂo/ Kz, y)u’(t, y) dy

o

- / T alt )Tt y)(aly)dy — M

+x0

+ (M —alt,z) — /oo (s ) (F ) dy) 70

o

e T—xo . _
-+ Ié ) / K(l' - Y, y)uo(ta T — y)uo(t’ y)dy
Zo

> / oty (t, 9) B ely)dy — Ma'
x40

+ (M —a(t,x) — /oo Kk(z,y)u'(t,y) dy) U

zo

v, (x T—1x0 . _
+ Ié ) / /{(«T -y, y)ul(ta Tr— y)ul(t’ y)dy
xo
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[e.e]

_ alto) + / a(t, y)Blaly)a (¢, y)dy

+xo
o0
+Fa — ﬂl/ k(a,y)u' (t y) dy.
zo
It is then assumed that for some k& > 1, u* and @* are a lower solution and an upper
solution of ([4.1)-(4.2), respectively. Proceeding analogously, it can be shown that u* <
ut! <Pt < 7 and that «*+! and @*! are also a lower solution and an upper solution
of (4.1)-(4.2)), respectively. Hence, by induction, two monotone sequences are obtained
that satisfy

W<y < <ufF << < < ae in Dy

for each k = 0,1,2,---. The monotonicity of the sequences {u*}; and {u*}, yields the
existence of u and U so that v* and @"* converge pointwise to v and @ in Dy, respectively.

Furthermore, u < w a.e. in Dry.

Next, we want to prove that v = u. For this, a function v is considered such that

u. As proven earlier, u < @, thus, v(t,2) > 0 and v(0,2) = 0. In , let
E(t,x) = (), where £(z) = 1 for zp < z < n, {(x) =0 for n +2 < = < oo, and
—1<¢ <0forn <x<n+2, one obtains

v =U—

/x:“‘”(m) dr < /Ot /::v[(fﬂ)(s,rc) — (Fu)(s, )] drds
+ /Ot /x:o xu(s, v) /m:o K(z,y)v(s,y) dy dx ds (4.19)

t 00
< 9/ / zv(s,z)dx ds
0 )

where

b —sup F / (@ + k(e 2l 2) d

Dy L2 Ja

+§|m|\m /00(1 +x, (@ +y))ult,y) dy|

o

v does not depend on n. As n — 0o, one obtains
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o0 t o0
/ zv(t,z) dr < / / vru(s,x)dx ds.
o 0 0

Hence, from the Theorem [2.1.1] one obtains v(t,z) = 0, that is, & = u. Let u =u = u,
it follows that w is a solution to (4.1])-(4.2)).

To establish the uniqueness of u, it is assumed that w is another solution of (4.1)-(4.2).
Since for each k, u* and u* are lower and upper solutions to (4.1))-(4.2), respectively, by
Corollary 4.2.4) v* < w < u¥, implies u = w, after taking the limit as k — oco.

From the above, the following result is stated:
Theorem 4.2.5. Let assumptions (A1) — (A4) hold. If u°(t,x) and u°(t,z) are non-
negative lower and upper solutions to (4.1)-(4.2), respectively, then there are convergent

and monotone sequences {u*(t,x)} and {u"(t,z)} such that klim uf(t,r) = u(t,z) =
—00

lim @*(t, ), where u is the unique solution to ({.1)-([#.2).

k—o0

Next, we want to show that the function u as defined in Theorem [£.2.5] has the following

property:

Theorem 4.2.6. Let assumptions (Al) — (A4) hold. Then, P(t) = / zu(t, z)dz is
continuous in the existence interval, where u(t,x) is the solution to 1)1’

Proof. From assumptions (A1) — (A4), to establish that P(t) is continuous over [0, 7],

one only needs to show that the following equation is satisfied:

[e’s) [e’s) [e’s) t
/ xu(t,x)dm:/ xu(O,x)dm—i—/ /m(}"u)(s,m)dsdx
zo zo o) 0
) t o0
—/ /xu(s,x)/ k(z,y)u(s,y) dyds dx.
xo 0 xo

For this purpose, we pick £(t,z) = £(z), where 1 = £(z) for n > x > z9, 0 = £(x) for
n+2<x<oo,and 0>¢ > —1for n+2 > x > n. From Definition 4.2.1}, one obtains

/:“"“(t’l’) dx—/x:OM(Oax)dx—/: /Otx(]:u)(s,x) ds da

(4.20)
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o0 t ]
+ / xu(s,x)/ k(z,y)u(s,y) dy ds dx
xQ 0 te)

/ zlu(t,z) — u(0,z)|[1 — &(z)] dx

B n/noo /Ot$(‘FU)(S>$)[1 —&(x)] dsdx
+/noo /Ot ru(s,r)[1 — &(z)] /g: k(z,y)u(s, y) dy ds dx

3 oo
< (2 + —||&|oo sup || w(t,-) Hl) sup/ zu(t, x) dx.
2 (0,7 n

(0,7]

Since u € L'(Dr, z dz), sup/ zu(t,z) dx — 0 as n — oo, thus, leading to (4.20). O
0,71 Jn

The previous result yields the following on global existence:

Theorem 4.2.7. Let assumptions (A1) — (A4) hold. Then, the solution u(t,x) of (4.1)-
(4.2) exists, fort >0, and is unique.

Proof. From Definition it suffices to prove that P(t) is global with respect to time
t. To this end, we consider (4.20) and find

P(t) = P(0) — %/I:O /Ot zu(s,x) /x:O k(x,y)u(s,y) dydsdx
< /0 ' P(r)dr + P(0),

where 6 = 0. One then obtains

Thus, the proof is completed. n

The convergence of the constructed sequences to the unique global solutions of (4.1))-
(4.2) has been shown. The next section focuses on the scenario where the growth term

is involved in the current model.
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4.3 Coagulation-fragmentation model with growth

In this section, the same method as in Section is followed in order to establish the
well-posedness of a nonlinear non-autonomous coagulation-fragmentation equation with

growth in the space X, = L'(Dr, dz).

4.3.1 Preliminaries
The following coagulation-fragmentation model with growth is considered:

Owu(t,x) + 0 (u(t, z)7(t,x)) + u(t, v)u(t, z) = —alt, z)u(t, x)

+/<>o a(t, y)u(t,y)B(zly) dy

+x0

- 4.21)
X (2 ’ (
+ #/ k(x —y, y)ult,z — y)u(t,y) dy
zo
“ulte) [ Ryt )y, () € 0.1) x (s0,00)
zo
subject to the boundary condition
bt = [t dy, te0.7) (422
zo
and the initial condition
uw(0,2) = ug(x), =z € [xg,00). (4.23)

The function 7(t,x), in equation , denotes the growth rate of a particle of size x
at time t as a result of splitting within it, and the coefficient u(¢,x) is the sinking rate
of the clusters of size  at time ¢. In equation (4.22)), the function (¢, z) accounts for
the amount of particles that separate an aggregate of size x and integrate the single cell

population.
The remaining parameters and terms have the same meaning as in Section [4.2.1]

The same assumptions (A2) — (A4) as in Section are considered and make further

assumptions on the current parameters.



CHAPTER 4. MONOTONE METHOD 74

(A5) u(t,x) € C([0,T] x [z, +00)) where ||p]|oc0 < 00.

(A6) 0 < B(zly) € C((wo,00) x (w0,00)) with ||l < 003 B(zly) = 0 for y < z + 0.
Furthermore, the number of daughter particles are considered to be bounded i.e.

Yy—To
sup n(y) = M < oo, M € R where n(y) = sup / B(x|y) dx.

2z0<y 2zo<y
(A7) 7(t,z) € C*((0,T) x (z9,00)) where ||7;]lc < 0o. In addition, 7(¢,x) > 0 for
(t,x) € [0,T] X [xg,00] and lim 7(¢,x) = 0 for ¢t € [0, T].

T—00

(A8) 0 <~(t,y) € C([0,T] x (xg,00)) where ||7|leo < 0.

o

A similar notation for Dy and Cj,.(Dr) as in Section is used. The definition of the
solution of problem (4.21))-(4.23)) is introduced as follows:

Definition 4.3.1. u(t,x) is called a solution of (4.21)-(4.23) on Dy if all the following
hold:

1. ue XO = Ll(DT7dl’).
2. u(z,0) = up(z) a.e. in (xg,00).

3. For every t € (0,T) and every nonnegative &(t, z) € Cj,.(Dr),

[ et = [ a0 ou0md
[ et [Tt o) o
* / oo /Ot[fs@,ﬂ?) + 7, 2)Euls, 0)uls, ) ds da
o[ wtsaton [ ataiets.n) drdyas
+ [ [ e asa 424
_/Oo /otg(s’x)“(s’@ / oo k(x, y)uls, y) dy ds do
[ [ ot ot s

_/w /Otg(s,x)oz(s,x)u(s,x) ds da
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where

(Fo)(t,z) = # /x:’—a?o k(x —y,y)v(t,x — y)v(t,y) dy. (4.25)

The following definition is required to establish the comparison principle:

Definition 4.3.2. Given a pair (u,u), the functions u(t,z) and u(t,z) are said to be

lower and upper solutions to (4.21)-(4.23) on D, respectively, if:

2. u(0,z) <wup(x) <u(0,z) a.e. in (xg,00).

8. For anyt € (0,T) and any nonnegative &(t, z) € Cy,.(Dr),

/m €ty de < :oao,xmo v) d

+ / (s, / (s, yuls, ) da
/ / [€5(5,2) +7(s, 2)&u (s, 2)]uls, v) ds dz
//2 s,y / &(s,x)B(xly) du dy ds
[ s
/xo / s olu / w(w, y)a(s,y) dy ds do

- / (s, 2)pa(s, (s, 2) ds d

N /Oo /Otﬁ(s,x)a(s,x)g(s,x) ds dz.

(4.26)
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/oo §(, wyult,v) dr 2 / jf(O,x)ﬂ(o z) dx
+/t§<8wo) /Oo (s, 2)a(s, x) do
/ / [€5 (s, ) + 7(s, )& (s, x)]uls, ) ds dx
//2 (5. w)uls, y>/y " (s, )B(aly) de dy ds
+ [ [ s nEns s
- [ [ et [ e ipatsn) dvasas
[ ettt asas
- /oo /Otﬁ(s,x)a(s,m(s,x) ds dz

Based on Definition [£.3.2] the following result referred to as comparison principle is

(4.27)

stated and proved.

Theorem 4.3.3. Let assumptions (A2) — (A8) hold. If u and T are lower and upper
solutions to (4.21))-(4.23)), respectively, then, u < in Dy.

Proof. A negative function v is considered such that v = u — @ and & chosen so that
= C&vr((O,T) X (xg,n)), n € N*, where C’&T((O,T) X (zg,n)) = {1 € C1(0,T)x (xg,n)) :
Jxy € (z9,n) so that 0 = ¢ for zy, < x}. Thus, v satisfies

0>v(0,2) = —(u(0,z) —u(0,z)) a.e. in [zg,00) (4.28)

and
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| u(s,2) 1 75, 2)Eu(5, D)]o(s, 7) ds

t [ et [ etsarately) doay i

+/OO /tf (s,2) [(Fu)(s,2) = (Fu)(s,x)] ds da
/wo /5” “"/xo w(, y)u(s, y) dy ds d
/IO /5”’ ”’/ K, y)v(s, y) dy ds dz

- [ ettt dsas

- /OO /Otf(s,w)a(s,x)v(s,x) ds d.

Upon manipulation, one obtains

/: /:5(57@ [(Fu)(s,z) — (Fu)(s,z)] dsdx

:1/”/2@@)%@)/7” k(e — y,y) [uls, 7 — 9)o(s, )

+ou(s,x — y)u(s,y)] dydsdx

//xo (s:y /m s,2)x, (v)k(x —y,y)u(s, v — y) dvdy ds

// Sy/ E(s,2)x, (@)r(z —y,y)v(s,x —y) dedy ds

zo y+xzo

—5/ / v(s,y / E(s,y+ 2)x, (y + 2)6(2,v)u(s, 2) dzdy ds
0 Jao

Zo

+ % /0 /% (s, y) /xo E(s,y + 2)x, (y + 2)k(z, y)v(s, 2) dz dy ds.

7

(4.29)

(4.30)

Let £(t,z) = eM((t,x), where ¢ € C§,((0,T) x (20,n)) and a positive A is picked such

that
A—u(t,z) —at,z) — / u(s,y)r(x,y)dy >0 on Dr.
xo

Then, one finds
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e C(t,x)v(t,x) dz
z0

< C(O,x)v(O,x)dm+/0 e*( (s, o) /Oov(s,a:)v(s,x) dx

Zo zo

—l—/oo i e™[C(s, ) + 7(5, 1) (s, ) v(s, 1) ds dx

+/O 20:a s, y)vu(s, y)/y b e (s, x)B(x|y) dx dy ds

T

/ / (s,2)e((s, )% (4.31)

(A us, ) —als,2) = [ nw,pats,y) dy) dsds

l/t /x:ov(s,y) /x:Oe,\:o(s,y+z)x1(y+z)m(z,y)g(s,z) dzdyds
// Sy/ eM*C(s,y+ 2)x, (= + y)u(s, 2)h(z,y) dz dy ds

+/z0 /OeAsg(S,:B)E(S,x) /mj“(%y)v(&y)dydsd:p,

A backward problem is formulated as follows:

0= (s +7Cs, 0<s<t, O<x<n
0=C¢(s,n), O0<s<t (4.32)
xi(z) = ((t, ), 0<z<n,

where y; € C°(Dr) and 0 < y; < 1.

The existence of ¢ such that ¢ € Cj,.((0,T) x (x,n)) follows from the fact that by the
change of variable ¢« =t — s, the above system (4.32)) can be rewritten as:

0=¢q—7G, 0<e¢<t, 0<z<n
0=¢(n),  O0<e<t (4.33)
X1($):C(L,$)7 0<x<n.

From (4.33), one has 0 < ¢ <1 on (0,7) x (0,n).
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Thereafter, such a ¢ is substituted in (4.31]) to obtain

/On x1(x)v(t, x)dx

t e8] [e8)
< 1// / v(s,x)" da:ds+/ v(0,2)" dz
0 xo o

e e —A(t—s)
[ et [T e )ty drdyds

where
v =sup [7(87 ) + <A — pu(t,x) — alt,z) — /: Kz, y)u(s, y) dy)
. / °° Xo (@ + 2z, 2)ult, 2) dz
+;||/<||OO /:(1 +x,(z +y))u(t,y) d’y}
and

v(s,z)t = SDE) {v(s,x),0}.

From (|4.25)), one obtains

n t [oe] Yy—xo
/Xl(m)v(t,x)dxg/o/Q a(s,y)v(s,y)+/ B(x|y) dz dy ds

t 00
—l—u/ / v(s,z)" dr ds.
0 o

From assumption (A6), one has

sup n(y) = M < oo

2x0<y

and then,

/x:v(t,x)Xl(x)dx < /t h Ma(s, z)v(s,z)* de ds

2x0

0
t 00
—i—u// v(s,x)" dzds.
0 xQ

79

(4.34)
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From assumption (A2), a(t,z) = 0 for o < 2z, and there is a positive constant 1 such

that ||a||cc < 7. Thus,

/nv(t,x)xl(x)dx < (v + M) /Ot /Oo v(s,z)* du ds.

z0
Since this inequality holds for every xi, one can choose a sequence {xi,} on (0,n)

converging to

1 if wo(t,z) >0

=
|

0 otherwise.

Therefore, one finds

n t 00
/ v(t,z) dx < (v + Mn)/ / v(s,x)" dzds,
0 x0

o

where v does not depend on n. As n — 0o, one obtains

o0 t [e8)
/ v(t,z) dx < (v + Mn) / / v(s,z)" dxds.
0 x0

o

From Theorem implies

/ v(t, ) dz = 0.

o

]

Remark 4.2. It follows from the proof of Theorem that, for every v € LY(Dry,dx),
if v(0,z) < 0 a.e. in (xg,00), and the following inequality holds for any nonnegative

é— S O&,T(DT)"

/xoov(t,:c)g(t,x) dr < /00 v(0,2)£(0, x)dx

z0

:/Otf(s,xo) /OO A(s, 2)o(s, ) da ds
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# [ [t 4 s ot o) ds o

v t /°° also(sn) [ j_ms(s,xm(xw) dudyds (4.35)
+ [ [ etsoBts s, dsas

# [ [ et [t st dydsas

where 0 < A,C, A, B € L>*(Dr) and C(t,z,y)dy € L*=(Dr), thus v(t,z) <0 a.e.
in Dr. This result is used later in Section l£.3.3

Corollary 4.3.4. Let assumptions (A2) — (A8) hold and @ and u be, respectively, non-

negative upper and lower solutions to (4.21)-(4.23). If u is the solution to (4.21))-(4.23),

then,

u>u>u  a.e in Dy

Proof. First, it is assumed that 0 < u, as if v = —u, then, v satisfies (4.35)) with

A(t, x) = ~(t, ),

Bt 2,) = —u(t,z) - alt, ) - / " (e, y)alt,y) dy

zo

and

Ct,x,y) = %XI (z +y)r(z, y)ult,y).

Then, let v = u — u. Since

—u(t,x) /OO k(z,y)u(t,y)dy <0

Zo

and T satisfies
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/m OO xT(t, 2)€(t, ) do > / Oo zu(0, 2)£(0, x)dx
+/Ot§(s,x0) /mjv(s,x)ﬂ(s,@ dar ds
b [ [t + rts.0g st ds o
[ [t [ e opsteln asayas
o (s, 0) () (5, 2) d d
_/OO /Otﬁ(s,x),u(s,az)ﬂ(s,gv) ds dz
_ / °° /O (s, x)als, )5, 7) ds d.

One can see that v satisfies (4.35)) with

A(t7 I‘) = ’V(tv :L‘),

B(t,z) = —u(t,z) — a(t, x),

and

C(t,x,y) = %X, (z +y) sz, y)ult,y) + sz, y)ult,y)],

which shows © < wu. Now let v = u — u.

Since

[ sttt gty < [ sttt

v satisfies (4.35)) with

A(ta :L') = 7<t7 x),
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B(t,z,) = —pu(t,z) - alt,z) - / " ()t y) dy,

zo

and

Clt,w,9) = 5, + ), y)ult,9) + sl )ult, ),

hence, u < u. Thus, the proof is completed. O

4.3.2 Existence and uniqueness of the solution

Suppose that u°(t, ) and u°(¢, z) are a pair of upper and lower solutions to (4.21])-(4.23)),
respectively, under hypotheses (A5) and (A6), one can select M > 0 so that

M — a(t,z) — u(t,x) — /OO w(z,y)u(t,y)dy >0 for (t,x) € Dy

Zo

and

w(t, ) < ult,z) <a°(t,x).

Two sequences {u*}7°, and {u"}3°, are then set up as follows:

For k = 1,2, ..., let ¥ and " satisfy the system

uf + (tuf), = —p(t, )" — a(t, x)ut !
+ / a(t,y)B(z)y)u (¢, y)dy — M(u* —u* 1)
T+x0
+ Fuf 1l — gk_l/ k(x,y)a@* " (t,y)dy on Dr (4.36)
zo

a1 0) = | T gty dy on (0,T)

u(0,2) = up(z), x>0

and

a4 ("), = —p(t, 2)a ™t — a(t, z)at
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+f T () Bely)d )y — M@ — 7

+xo

+ Fat — Hk_l/ k(2 y)u" " (t,y)dy on Dr (4.37)

o

T(t,xo)ﬂk(t,xo) = /OO Ek_l(t,y)y(t,y) dy on (0,7T)

o

u(0,x) = up(z), x>0.

The existence of solutions to problems (4.36)) and (4.37)) follows from the fact that (4.36])
and (4.37) are both linear problems with local boundary conditions. It is first shown
that

u <u' <u' <.
Let v(t,z) = u” — u'. Then, v satisfies (4.35) with A(¢t,z) = 0, B(t,z) = —M, and
C(t,x,y) =0.
Thus, from Remark v < 0, u° < u! is obtained. Similarly, it can be proved that
ut <.

Then, let v(t,z) = u' —u°. Since v® < u! and @' < @°, v satisfies (4.35)) with

A(t,z) =0,

Blt.2) = —ult.) — ats) - | " el (t ) dy.

o

and

Clt,2,9) = 5, (o -+ ) s, p)u (,9) + 5l )01, ).

Hence, u' < 0. Likewise, it is easily seen that u° < u'.

Next, it is claimed that 7' and u! are upper and lower solutions to (4.21])-(4.23)), respec-
tively. Since u’ < u! and @' < 1%, on the one hand, the right-hand side of the equation

in (4.36)) satisfies
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[e.e]

— p(t, 2)u’ — ula(t, z) + Blaly)at, y)u’(t, y)dy

x+x0

C M — )+ Fu — o / ()@t ) dy

Zo

_ / T alt ), y)Blaly)dy

+xzo

' (M ~ltn) —alt) — [ Wt yn(ey dy) 0

o

T—x0
~ Mut + X’T(x)/ sz —y,y)u’(t, y)u’(t, x — y)dy

Zo

< / " alt ) (1) Blaly)dy

+zo

+ (M=t atta) = [ rtedy) o

zo

xr—xo
— Mu' + X’T(x)/ Kz —y,y)u'(t,x — y)u'(t, y)dy
o

o

— —p(t,p)u' — oft, z)u' +/ alt,y)u'(t,y)B(xly)dy

r+x0

+fu1—u1/ a'(t,y)r(z,y) dy.

Zo

In (4.37)), the right hand side satisfies

[e.9]

ot 1) — ot 2 + / alt, y)B(ly)@(t, y)dy

x+xo
[ee)

_Mﬁﬂ_ﬁU+Fﬁ—U{/ k(a, y)u’(t,y) dy

zo

:/m a(t, )@ (t,y)B(xly)dy

+zo

" (M —plt) = ata) = [t y)n(e) dy) o

Zo

T—x0
— Ma' + %/ K(x — y,y)u’ (t, y)u’ (t, x — y)dy

Zo

> [ Blalyalt,y)a ¢ v)dy

T+x0

# (M= utto) atta) = [ ete )

zo
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T—T0
— X ey g e )7 )y
o

o0

= —p(t, x)u' — ot z)a' + / a(t,y)B(zly)a (t, y)dy

T+T0

+ Fu' — ﬂl/ Kz, y)u'(t,y) dy.

Zo

Assuming that for some k > 1, u* and «* are upper and lower solutions of ([4.21))-(4.23)),
g

respectively and proceeding analogously, it can be shown that

uk S Qk-l-l S ﬂk-f—l S ﬂk

and that u**! and w**! are also lower an upper solutions of (4.21)-(4.23)), respectively.

Hence, by induction, two monotone sequences are obtained that satisfy

goggl§---§gk§ﬂk<---§ﬂ1§ﬂ0 a.e. in Dy

for each & = 0,1,2,---. Since the sequences {u*}, and {u*}, are monotone, thus one
can find functions @ and u such that @* — w and «* — u pointwise in the set Dp. It is

clear that v < w almost everywhere in Dy.

Next, one wants to prove that w = wu. For this, a function v is considered such that

u. As proven earlier 7 > u, thus v(¢,z) > 0 and v(0,2) = 0. In ([4.29), let
E(t,z) = (), where £(z) = 1 for zp < z < n, {(x) =0 for n +2 < = < oo, and
—1<¢ <0forn <x<n+2, one obtains

n t o)
/ v(t,x)de < / / (s, x)v(s, x) dr ds
o 0 xo

* /ot /x:o [(Fu)(s,z) — (Fu)(s,v)] dvds

t o] o]
+/ / ﬂ(s,x)/ r(x,y)v(s,y) dy dx ds
0 o o

t o0
< 17/ / v(s,x)dxds
0 o

vV =U—

(4.38)

where
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| xte+ ot it 2 ds

zo

- 1
U =sup [7(t, x) + 3

+g\|m\|oo /00(1 + X, (z +y))u(t, y) d?/] ’

o

v does not depend on n. Since n — oo, one obtains

o} t o)
/ v(t,x)de < / / vu(s,x) dz ds.
xo 0 x0

Hence, from the Theorem it follows v(t,z) = 0, that is, u = w. Let u = u =1, it
follows that w is a solution to (4.21))-(4.23)).

To establish the uniqueness of , it is assumed that w is another solution of (4.21))-(4.23).
Since for each k, * and u* are upper and lower solutions to (4.21)-(4.23)), respectively,
by Corollary u* < w <", it shows u = w, after taking the limit as & — oo.

From the above, the following important result is formulated:

Theorem 4.3.5. Let assumptions (A2) — (A8) hold. If u°(t,z) and ©’(t,z) are nonneg-

ative lower and upper solutions to (4.21)-(4.23), respectively, then, there are convergent

and monotone sequences {u"(t,z)} and {u*(t,x)} such that lim ui(t,x) = u(t,z) =
k—o00

lim @"(t, x), where u is the unique solution to ({.21])-(&.23)).

k—o0

One can now show that the solution of (4.21))-(4.23)) verifies the following theorem:

Theorem 4.3.6. Let assumptions (A2) — (A8) hold. Then, P(t) = / u(t,z)dx is a
continuous function in [0,T], where u(t,z) is the solution to |D|D

Proof. From assumptions (A2) — (A8), to prove P(t) is continuous over [0, 7], one only

needs to show that the following equation is fulfilled:

/x:o u(t,z)dx = /: /Ot(}"u)(s,x) ds dx + /I:O u(0, z)dz

[ [Ceteptsanasae

_ / °° /0 (s, )uls, ) ds d.
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To achieve this, one considers £(t, ) = &(x), with 1 = {(z) for xy <z < n, 0 = £(z) for
n+2<zx<oo,and —1 <& <0 for n <z <n+ 2. Using Definition 4.3.1} one finds

(s,2)y(s,x dsdx—/ (O,x)dm+/ u(t, z) dx

Zo

/xo /OM(S )u(s, x)dsdm—/ / (Fu)(s, z) ds dz

00 t 00
+/ / u(s,x)/ k(x,y)u(s,y) dydsdx
xo 0 xo

+ /: /Otu(s, z)u(s, z)[—&(x) + 1] ds dx
_ /:O /t(fu)(s, 2)[—£(x) + 1] ds dz
+/noo Otu(s,x)[—f(x) + 1] /OO K(x,y)u(s,y) dy dsdx

zo

3
< (2 I llooT + M7 lloo + lltlloe + 5 lIlloo s || ult, ) ||1> x
[0,7]

sup/ u(t, z) dx.

[0,T] Jn

Since u € L'(Dr), sup/ u(t,z)dr — 0 as n — oo, it leads to (4.39). ]

[0,T] Jn

The global existence of solution is, therefore, obtained.

Theorem 4.3.7. Assuming (A2) — (A8) hold. Then, the solution u of (4.21])-(4.23)

exists in [0, 00].

Proof. From Definition it suffices to prove that P(t) does not blow up in finite
time. To achieve this, (4.39) is used to obtain
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P(t) :P(o)+/: /Otv(s,x)u(s,x) dsdm—/: /Ot,u(s,x)u(s,x) ds dz
3 [t [ st dyasas
< P(0)+6 /0 ' P(s)ds

with § = ||7]|c. From Lemma [2.1.2] one then obtains

P(t) < P(0)e’.

Thus, the proof is completed. O



Chapter 5

Non-autonomous prion model

5.1 Introduction

In this chapter, is investigated the solvability of a nonlinear system consisting of a differ-
ential equation, coupled with a non-autonomous integro-differential equation describing
the dynamic of prion proliferation , where PrP5¢ polymers can split into two or more
pieces at a rate, (3, that not only depends on the sizes of the polymers involved but also
on time. The degradation and splitting rates are assumed to be unbounded, and the

global existence of a weak solution is established thanks to a weak compactness method.

In Section [5.2], the model is described, previous results summarised and assumptions
given that are considered throughout the chapter. Section focuses on the global

existence of a weak solution.

5.2 Preliminaries

Prion diseases are a group of uncommon and fatal degenerative cerebrum disorders that
affect both humans and animals and, are sometimes, transmitted to humans through
the consumption of infected meat. The most typical form of prion disease that affects
humans is CJD (Creutzfeldt-Jakob disease) [10]. Prions are commonly regarded as a

polymeric form of a normal protein monomer PrP® (prion protein cellular) normally

90
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produced in the body and its mechanism is not yet well-understood. The polymeric
infectious prion PrP%¢ (prion protein scrapies) grows by attaching units of normal prion
PrP¢ and transforming the latter into the form corresponding to the infectious state.
Above a minimum size z, > 0, the PrP% polymers become stable and can grow to
chains containing several monomers units. PrP% polymers have the ability to split
into smaller polymers, thus resulting in infectious polymers capable of elongating and
splitting again. If after splitting, a smaller polymer falls below the minimum length
7o, it degrades immediately into normal PrP® monomers. The leading theory of prion
replication is nucleated polymerization (see for example |27, BT, 43| 51, 57, 58] and the

references herein).

The spitting of PrP5¢ polymers is one of the most important key phases in the repli-
cation process. Unfortunately, its precise mechanism is not yet determined. According
to Masel, Jansen and Nowak [43], the fragmentation rate of PrP¢ is a linear function
of the size of aggregates. The authors assumed that all the kinetic coefficients of the
model are constant. Recent studies have shown the limit of such hypotheses (see for
example [49, 61]). In fact, the fragmentation of PrP*¢ polymers, according to their
size, shows that the infectious capability of polymers may depend on their size [61]. In
vivo aggregates with small sizes produced by PMCA (Protein Misfolding Cyclic Ampli-
fication), are less infectious than aggregates with important sizes. The reverse effect is
observed after stabilising aggregates on the nitrocellulose particle. Several other mecha-
nisms of fragmentation have been considered in the literature (see for example [36] 42]).
In this chapter, the focus is on a more general model for prion replication, with multiple

fragmentation.

5.2.1 Description of the model

One denotes by v(t), the population of PrP® monomers at time ¢ and by u = u(t, z),
the population density of PrP% polymers of size x > z at time ¢ > 0, where 2y > 0

is the minimum length. The interaction between the PrP¢ monomers and the PrP>¢
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polymers can be described as follows:

V=A—yv— v/oo T(x)u(t, z)dx + /00 u(t, z)p(t, x) /10 yk(t,y,x) dy dz (5.1)

xg ote) 0

A = —v(t)dy(1(x)u) — (u(t, z) + B(t, x))u + / ) Bt y)k(t,z,y)ult,y)dy — (5.2)

for x € (9, 00) subject to the initial conditions

v(0) = v, u(0,z) =up(z), x € (x9,00), (5.3)

and the boundary condition

u(t,zo) =0, t>0. (5.4)

The constants A and 7 in (5.1)) represent the background source of monomers and the
degradation rate of monomers, respectively. The functions 7(x) > 0 and S(t,z) > 0
represent the polymerisation rate of polymers of size x and the fragmentation rates
of polymers of size z at time t, respectively. The coefficient k(t,y,z) > 0 denotes
the formation rate of polymers of size y < x after fragmentation. In , the term

p(t,x) > 0 accounts for the degradation rate of polymers of size = at time t.

In Equation , the integral terms are described, from left to the right by the diminu-
tion of the amount of monomers due to polymerisation mechanism and the increase of
the number of monomers due to fragmentation of polymers into polymers of sizes be-
low the minimum length xo. The transport term v(¢)9,(7(z)u), in (5.2), represents the
reduction in the amount of polymers of size x due to polymerisation. Finally, the last
two terms containing 3 on the right hand side in , account for the loss and gain of

polymers due to fragmentation, respectively.

In the following sections, previous results are summarised and the main contribution of

the chapter provided.
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5.2.2 Previous results

A discrete model, proposed by Masel and colleagues, in 1999, was used for the first time
to study the replication of prion [43]. Latter, Greer and colleagues introduced, in 2006,
the continuous version of the above-mentioned-model. In [31], the asymptotic behaviour
of the system of ordinary differential equations was investigated with parameters of the

form

T =const, p=const, [(z)=_L0zx, k(y,z)= (5.5)

I .

Then, the following functions were introduced:

P(t) = /OO u(t,z)rdr and U(t) = /Oou(t,:c) dx (5.6)

xo o
representing the total number of monomers in polymers at time ¢, and the total number
of polymers at time ¢, respectively. The system (j5.1))-(5.4) was transformed into a system

of ordinary differential equations

U= BP — uU — 2Bx,U
V=A=V —71UV + Bz2U (5.7)
P =7UV — uP — Ba3U

subjects to the initial conditions

U(0)=Uy>0, V(0)=V,>0, P(0)= P> U (5.8)

The local stability of the disease steady state as well as the global stability of the disease-
free steady state were proved. Indeed, the global stability of the unique steady state;
namely, the disease-free equilibrium (U, V, P) = (0,\/~,0), for the system (5.7)), was

established under the condition

p+zoB > \/ABT /Y (5.9)
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and the instability of the disease-free equilibrium, for the system ([5.7)), was obtained for

the condition
w4 o < A/ ABT /7.

In this latter case, in addition to the disease-free equilibrium, there is the disease equi-

librium, which is locally stable.

Several investigations were carried out based on Greer’s model. Most of these studies
focused on global stability analysis, while very few used the semigroup approach. Some of
them are ([30],[59] and the references herein), where the authors studied global stability.
The semigroups approach, combined with the characteristics method, was used in [29]

to perform the well-posedness analysis of the model in the space

Zy =Ry x LL((0,00),z dz)

with parameters described as in (5.5). Moreover, depending on whether or not (|5.9)

holds, the convergence of the solution to a steady state was proved.

These results were extended in [62] to model parameters different from using Kato’s
theory for hyperbolic evolution equations. Indeed, for a constant polymerisation rate 7,
an unbounded degradation rate p(z) and an unbounded fragmentation rate 3(z), result
for well-posedness was established under the following assumptions, upon the formation
rate of polymers:

k(y,x) =k(z —y,x), x>z9, 0<y<u; (5.10)

that is, binary splitting of polymers, and

/ k(y,x)de =1, x> 0<y<u. (5.11)
0

Conditions ((5.10) and (5.11]) imply

2/ zk(y,z)de =z, x>z, O0<y<uz (5.12)
0
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(that there is conservation of the number of monomers after fragmentation). Further-
more, for unbounded parameters p(x) and G(x), the existence of the global weak solu-
tions was proved. In both cases, under some extra growth hypotheses, the infection-free

equilibrium (A\/v,0) = (V,U) was shown to be globally asymptotically stable.

Assuming (5.10) and (5.11]), the global existence of weak solutions of the model with
unbounded size-dependent polymerisation and degradation rates was established in [6§],

improving results obtained in [62] for constant rate of polymerisation.

The case of multiple fragmentation has not been considered so far in prion models. The
aim was to establish the well-posedness of the model —, regardless of assumptions
(5.10) and , where model parameters are not only size-dependent, but also time-
dependent. 5(t, ) and u(t, z) were considered to be unbounded. The weak compactness

method was used to obtain the result.

The following section focuses on assumptions used in the remaining sections of the chap-

ter.

5.2.3 Assumptions

The problem ((5.1))-(5.4]) is considered in the state X; (Banach space) defined by

X, = LY ([zg,00), v dz) = {u; |¢]]; := /ooa:]@b(a:)] dx}.

z0
where || - ||, is the natural norm in the Lebesgue space L'. X, denotes the positive cone

in Xl-

It is then assumed that:

(H1) A > 0 and v > 0;

(H2) u(t,x) and B(t, z) are nonnegative unbounded parameters on [0, 00) X [zg, 00);

(H3) 7(z) is a nonnegative continuously differentiable function on [z, c0) with 7, bounded;
and

T(x) <71, x> x0, (5.13)
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where 0 < 7% < o0;

(H4) E(t,y,x) > 0is a measurable function such that k(¢,y, x) = 0 for almost any = < y
and any t € [0,T] i.e. PrP% polymers of size less than zy do not fragment since
the minimum size of a particle is xy; and the number of monomer units is supposed

to be preserved during splitting, that is,

/ yk(t,y,z)dy = x for any y > zo and almost anyt € [0, 00) (5.14)
0

which means multiple fragmentation conserves the number of monomers.
The assumption of varying polymerisation rate, 7(x), according to size for globular aggre-
gates seems to be more appropriate compared to linear polymerisation since the geometry
of the polymers may differ on the levels [43]. The assumption of an unbounded splitting

rate G(t,z) and an unbounded degradation rate u(t,z) also appears to be biologically

significant.

5.3 Global existence of a weak solution

In this section, one denotes by Xi,,, the space X, as defined in Section [5.2.3] equipped
with its weak topology and by A, the linear part of (5.2]) that is,

[A(t)u](z) = —(u(t, z) + B(t, x))u(z) + /OO Bt y)k(t, z,y)u(y) dy, a.e. t>0, x> x.

The following definition, of a global weak solution to (5.1)-(5.4), was introduced in [6§]

for autonomous prion model. It is adapted to the problem in hand (non-autonomous).

Definition 5.3.1. Given vy, ug € Xi4, the pair (v,u) is called a global weak flow to

(5.1)-(5.4) o
(i) the function v € C'(R,) is a nonnegative flow to (5.1));

(i1) the function u € LS (R, X14) NC(Ry, X1y);

loc
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(1i1) for every 0 <t and for ¢ € WL ([zg,0)), Alu] € L((0,00) X [xq,00)); and

/°° ¢(x)u(t, v)dr — /tv(s) /00 ¢ ()7 (x)u(s, z) dr ds )
. o, I 5.15
= /1:0 o(x)uo(z) dv +/0 /mo o(x)Alu(s)](x) dx ds.

To establish the global existence of a weak flow as stated in Definition [5.3.1} the following

additional assumptions are considered:

(H2’) There exists o > 1 and p € L([0,00) x [z, 00)) such that
p(t,z) + B(t,x) < p(t,z)z®, ae. t>0 and z € [xg,00), (5.16)
where for all t > 0, p(t,z) — 0 as z — oc;
(H3’) In the case a =1,

7(z) < p(t,x)x, ae. t>0and x € [xg,0); (5.17)

(H4") Given R > xy and € > 0, a positive § can be found such that

sup ( ess sup ﬁ(tf) /:r 1s(y)k(t,y, x) dy) <e. (5.18)

£C(z0,R),|Z|<6 \ t>0,z€[zgo0) L To

where 1y is the indicator function, ¥ C [z, 00) a measurable set and |X| its Lebesgue

measure.

In the following, one denotes by B, the linear operator defined by

[Bul(x) = 0,(7(z)u(z)), a.e. x> x,

with domain D(B) given by

D(B) ={f € X1;0,(7f) € X1, f(xo) =0} .
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One denotes by B,(t), the non-linear part of (5.2)), containing B, defined by

—By(t) :=—v(t)B, 0<t<T < oc. (5.19)

Before stating the main result of this chapter, the following lemmas needed for the proof

of the main result are given as follows:

Lemma 5.3.2. Let u, — u in Xypi. Assuming f, and f are measurable functions on

[z, 00) such that f, — [ a.e.
(i) If || fulloo < ¢, with ¢ > 0, then fou, — fu in Xi,.

(i1) If p and « satisfy conditions as in (5.16) and if |f.(z)| — p(t,x)z* for a.e. x €
[, 00), t > 0 and
/ %up(r)der <c¢, neN,

zo

then fou, — fu in Xq,.

Proof. See [62, Lemma 4.2]. O

Lemma 5.3.3. Assume 7 satisfies (5.13) and consider v € C([0,T],Ry). Denote by
(Us, (t,5))g<s<i<r the unique propagator in Xy for (=B,(t))o<i<p, as defined in (5.19).

For M > xo and 6 > 0, we set

A(0) :=7"M sup / ﬁ

£C(z0,M),|8|<8 J 8 T(y)

Then, for any f € X1y and 0 < s <t < T, the following holds:

sup / Ug,(t,s)fdx < sup / fdx.
= F

EC(x0,M),|B[<6 FC(z0,M),|FISAp(9)

Proof. We define

(W) F) () = Lp.00)(P(2))

for any x > xg, t > 0 and f € X, with

== xﬂ s o, OO
<1>(ﬂ:)—/m0 )’ € [0, 00). (5.20)
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It can easily be proved that the family (W(t)),, is a Cp positive semigroup on X,
which satisfies |W (¢)|| 21y < €7 '. For any given measurable subset ¥ C (2o, M) and

any f € Xy, one has

Joran@ar = [ @ D= 00 @) - )a

Considering the fact that the function ®'(z) = > 0, that is, ® is increasing on

b
7(x)
[z, 00) and the definition of the indicator function, one obtains

1 if &(z) € [t,00)

0 if ®(x) ¢ [t, 00)
1if z € [P71(t),0)
0 if x ¢ [P 1(t),0)

Lt00) (P(2)) =

= 1(g-1(1),00) (%)

hence,

By letting x = ®~!(®(x) — t), one obtains

/E (W) f)(x) dx = / ooy 0o (@) () da (5.21)

xo
Under assumption (5.13)), and using the invariance of the Lebesgue measure with respect
translations and that ®~((®(X) —¢) N (0,00)) C (zg, M), one obtains

[274((0,00)) N ((E) )] < |
<r / ﬂ

(5.22)
<T*M/ dy
M

<A

The unique evolution family to (=B, (t))o<,<7 is given by

t
UBv(t,s):I/I/(/ v(p)dp), 0<s<t<T.



CHAPTER 5. NON-AUTONOMOUS PRION MODEL 100

By integrating on ¥ and making use of ([5.21]), one obtains for any f € X;; and 0 < s <
t<T,

/EUBU (t.8)f dw = / Lo1((@(5) [ v(p) dp)(0,00)) (2) ] () d-
xo

E]

One deduces, from the definition of the indicator function and from (5.22)), the inequality,

sup / Ug,(t,s)f de < sup / fdux.

£ (20,M),[B|<8 J 5 FC(20,M),[F|<Aa1 (6)

Thus, the proof is completed. [

Next, the main result of this chapter is given.
X = LY([xg, 00), 2™ d), a>1,
is considered.

Theorem 5.3.4. Assuming (5.16)-(5.18) holds. Given any vy > 0 and uyg € X7, there
exists, at least, a global weak flow (v,u) to the system (5.1)-(5.4)). Furthermore, u €
Ly (R, X¢). In addition, if supp(ug) C [xo, So] for some Sy > xo, then, supp(u(t)) C
[0, S(t)], fort > 0 where S is the global solution to the ordinary differential equation

S(t) = (vr)S(t), t >0,
S(0) = Sp.

(5.23)

Proof. One denotes by D([z, 00)), the space of all test functions on [z, 00), and D, [z, 00)
its positive cone. Let u? € D, ([zg,0)) be such that u — u® in X We set p, =

min {y,n} and B, := min {5, n}. It is easy to verify that u, and (3, also satisfy assump-
tions ([5.16]) and ([5.18). One denotes by

(Un, un) € CY (R4, R x X;) NC(Ry, Ry x D(B))

the classical flow to ([5.1)-(5.4]) for bounded p and 3 bounded, where (u°, 3, ) is replaced
v (U, B, ptn) (see [68, Theorem 2.1]). There exists R > 1 satisfying R > ||v|lcrr,) >
v(t) > R, for any ¢ > 0, thanks to the identity
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o(t) + 4 /OO zu(t,x)de =\ —~yu(t) — /00 zp(t, x)u(t, z) dx

dt /., 0
that is,
d [e.9] o0
0(t) +yu(t) = A — pr zu(t,z) dx — / ap(t, x)u(t, z) dx.
X0 xo

By multiplying each side of the equality by €7*, one obtains

%(eytv(t)) ="\ — e”t%/ zu(t, x) dr — e”t/ xp(t, v)u(t, z) dx

After integrating the latter equation with respect to ¢, it follows that

t t o0 t o0
eu(t) — vy = )\/ ¥ ds — / e”si/ zu(s, x) dr — / e”s/ zp(t, x)u(t, x) dx
0 0 dt ) 0 0

() + fJu®)llx, < A/7.

Hence,

un(t) + [[un ()] x, < A/7- (5.24)

After integrating by part and making use of ([5.14)), one obtains

/ yrk(t,y,x)dy <z x> x0. (5.25)

o

Since u,, is the solution of ([5.2]), by making use of (5.13)), (5.24) and (5.25)), one obtains

% Ooxaun(t,x) dr = — /OO T, (1) 0y (T(x)uy(t, x)) dz

zo zo

_ / " (it 2) + Bt 7)) tn(t, ) di
- /: /g: Y Bult, 2)k(t, y, v)un(t, v) dy dx

<y (t) /00 2 r(2)u,(t, 1) do

Zo

_ / 2 () + Bt 1)) un(t, ) da

o
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+ /OO xBn(t, v)u,(t, x) dz

o

< awy(t) /00 2 r(2)u,(t, 1) do

Zo

<7t au,(t) / Uy, (t, ) dx

Zo

)\ o
<ra-— / Uy, (t,x) dx
Y Jzo

from which

|un(t)||xe <C(T), n>1, 0<t<T (5.26)

where C(T) = ||u(0)|le” ™7, From (5.1)) and by making use of (5.16)), (5.24) and (5.26)),

one obtains

| < A/
ﬁ&%'“ | <Ay

Thus,
A
|on(t) = va ()] < —[t = 1'].
v

There exists § > 0, such that for all ¢,¢' € [0,7T], |t —t'| < § implies

|on(t) = vn(t)] < 0A/7.

and then,

lim sup |un(t) — v, ()] = 0.
i s Joft) — (0

Hence, the sequence (vy,),>1 is equicontinuous in C([0, 7). One derives from ([5.24)), the

inequality  sup |v,(t)| < oo, which shows that (v,),>1 is equibounded in C([0,7]).
n>1,t€(0,7]

Therefore, according to Theorem the sequence (vy,),>1 is indeed, relatively compact
in C([0,77).

Next, we show that the sequence (un,(t))n>1,¢c0,1) is also relatively compact in Xi,,. From

(5.24)), one obtains

lim  sup / un(t, z) dx = 0. (5.27)

R—00p>11€(0,7] J R
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The family (Up, (t, 5))o<,<i<p being the unique evolution family in X; for (—By())<,<p

as denoted in [5.3.3] one writes u,, as
t
wn(t) = Up, (£, 0)ul + / Us, (£ 5)Anlun(s)] ds, ¢ € [0,T), (5.28)
0

and deduce from Lemma ([5.3.3)), the inequalities

o0

/un(t,x) dx §/ un(t, x) dx+/ un(t,x) dx
% 3N(zo,R) R

< sup /ug(x) dx
EC(z0,R),|FI<AR(S) J F

t (o)
+ / sup / un(s,x)ﬁn(t,x)
0 ZC(z0,R),|FI<AR(S) J 20

v 1
< [ Ar)blt,yon) dydeds + (O,

zo

(5.29)

for § > 0 and R > x, where ¥ is any arbitrary measurable subset of [z, 00) such that
|¥| < 4. By making use of assumptions (5.16), (5.18)), (5.26)), and Ag(6) — 0 when

5 — 0%, one obtains

lim  sup / up(t,z) de = 0. (5.30)
>

1210 n>1,¢€]0,7)

Since the equicontinuity of (un(t))n>1.c0,r] in X1 is guaranteed by ((5.24)-(5.27), it
follows from Theorem [2.1.11f that the sequence (uy,(t))n>1.c(0,7] is relatively compact in
Xiw.

From Theorem [2.1.9, there exists a subsequence ((vp,, Un, ))n.en and a function (v,u) €
C(R;,R x Xy) such that

(Ungs Uny, ) = (v,u) € C(RL, R x Xy).

Relabelling the latter, one obtains
(Uny un) = (v,u) € C(R4, R x X7) (5.31)

which establishes the existence of (v,u) € C(R,R x X7).
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Next, it is proved that (v,u) is, indeed, a weak flow to —. By making use of
assumptions (5.16), (5.26), (5.13) and (5.17), and applying Lemma [5.3.2] it is concluded
that (v, u) satisfies (iii) of Definition [5.3.1] From Lemma [5.3.2] it is deduced that v €
C'(R;) and is a nonnegative solution to[5.1} thus verifies (i) of Definition [5.3.1]

Assuming supp(ug) C [zg, So] for some Sy > z and (5.13), (5.14)), (5.16])-(5.18) it is
finally shown that the weak solution (u,v) satisfies [z, S(t)] D supp(u(t)), for any ¢ > 0,

where S is the flow of the ordinary differential equation (5.23)). The sequence (u®) C

D ([xg,00)) is chosen such that supp(u?) C [xg, Sp]. The sequence ((vy,, uyp))n>1 satisfies

supp(un(t)) C [xo, Sn(t)] where

t
Sn(t):5'0+7/ v (r)dr, t>0,n>1.
0

Since lim S, (t) = S(¢) and

n—oo

/ u(t,x)dr = lim un(t,z)dx =0,
S

(t) 00 ) S (t)

by (p.31)) and Lemma it follows that supp(u(t)) C [xg, S(¢)], for any ¢ > 0.

Thus, the proof is completed.



Chapter 6
Conclusion

The main aim of this study was to establish the well-posedness of certain nonlinear time

dependent evolution equations.

In Chapter 3, a new SVEIR epidemiological model with age-dependent vaccination, in-
fection and latency was proposed, where the waning vaccine-induced immunity depends
on age of vaccination and the vaccinated individuals can lose their immunity and, there-
fore, fall back to the susceptible class. Our main input was the consideration of con-

tinuous age-structure in latency and infection as well as the incidence rate of the form
o0

S) [ (Ko(a)i(a,t) + }OK(a,a/)i(a/,t) da/) da. An appropriate Lyapunov functionals
was (?onstructed and Lgsalle’s invariance principle applied to investigate the global dy-
namic of the model. As a result, the global stability of the disease-free equilibrium and
endemic equilibrium was obtained and fully determined by the basic reproduction num-
ber Ry. More precisely, it was shown that, if ; > 1, then the disease free equilibrium
is globally asymptotically stable and, if g < 1, the endemic equilibrium is globally

asymptotically stable.

In Chapter 4, a non-autonomous transport coagulation-fragmentation equation with
bounded model parameters was examined. Our main concern was to propose a new
method consisting of construction of nonnegative monotone upper and lower solutions
(w*(t, z) and u”(t,x) respectively), and establish their convergence to a unique solution

u(t, x) of the model, for t € R,. This was done by making use of the comparison principle

105



CHAPTER 6. CONCLUSION 106

and Gronwall’s inequality.

Finally, in Chapter 5, a Prion model with multiple fragmentations was studied. Here,
the degradation and splitting rates were considered to be unbounded under some addi-
tional assumptions that were purposely adapted to obtain the current results. A weak
compactness method, based on Arzela-Ascoli and Dunford-Pettis theorems and which
consists of construction of sequences (v,,u,)—(u,v) was used to investigate the global

existence of a weak solution of the model.

Although various techniques were employed to investigate certain class of nonlinear evo-
lution equations, there are still different angles through which further investigations
could be considered. For instance, it would be interesting to investigate the analysis of
a coagulation and multiple fragmentation model with time dependent coefficients. One
can consider the fragmentation rate a(t,z) to be only locally integrable with respect to
time ¢ and locally bounded with respect to mass x. Similar investigations could also be
done for non-autonomous coagulation and multiple fragmentation models with growth

where the growth rate assumption is in fact more relaxed.

It would also be interesting to follow-up the analysis of global stability of the disease-
free equilibrium as well as the existence of a classical solution for non-autonomous prion
model, with unbounded time and size dependent velocity 7(¢,x). The investigation of
the existence of a classical solution of such problem could be done using, for instance,

the theory of nonlinear semigroup for non-autonomous abstract Cauchy problems.
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